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THE ROLE OF FLUCTUATING ,FORCES I N  
THE GENERATION OF C O M P R E S S O R  N O I S E  
Hanno H.  H e l l e r  
S h e i l a  E .  W i d n a l l  
B o l t   B e r a n e k  and Newman I n c .  
C a m b r i d g e ,  M a s s a c h u s e t t s  
I. INTRODUCTION 
The n o i s e  g e n e r a t e d  by  ro t a t ing  ae rodynamic  mach ine ry  such  
as c o m p r e s s o r s ,  f a n s ,  t u r b i n e s ,  a n d  h e l i c o p t e r  r o t o r s  i s  com- 
posed  of  broadband n o i s e  and  superimposed d i s c r e t e  t o n e s  a t  
m u l t i p l e s  of t h e  r o t a t i o n a l   f r e q u e n c y .  Radiated sound  power 
i n c r e a s e s  a p p r o x i m a t e l y  w i t h  t h e  s i x t h  power of  a t y p i c a l  f l o w  
s p e e d ,  i n d i c a t i n g  a genera t ing  mechanism tha t  re la tes  t o  f l u c -  
t u a t i n g   a e r o d y n a m i c   f o r c e s .  The r e s e a r c h   p r o g r a m   d e s c r i b e d   i n  
t h i s  r e p o r t  was u n d e r t a k e n  t o  s t u d y  t h e  f l u c t u a t i n g  f o r c e s  o n  
r o t o r  b l a d e s  i n  p a r t i c u l a r ,  a n d ,  w i t h o u t  i d e n t i f y i n g  s p e c i f i c  
f o r c e  g e n e r a t i n g  m e c h a n i s m s ,  t o  r e l a t e  these f o r c e s  t o  t h e  sound 
radiated from the  blades. 
To e s t ab l i sh  e x p e r i m e n t a l l y  t h e  r e l a t i o n s h i p  b e t w e e n  f o r c e s  
and radiated sound, we d e v e l o p e d  s p e c i a l  t e c h n i q u e s  f o r  m e a s u r -  
i n g  f o r c e s  o n  r o t a t i n g "  blades and made appropr i a t e  measu remen t s  
of  fo rces   and  radiated sound. The r e s u l t s  were i n t e r p r e t e d  by 
u s e  o f  a n  a n a l y t i c a l  m o d e l  f o r  s o u n d  radiated by f l u c t u a t i n g  
f o r c e s .  
Our anaZyt icaZ e f f o r t s  were d i r e c t e d  t o w a r d  u n d e r s t a n d i n g  
two cases   o f   ae rodynamic   sound   r ad ia t ion :  (1) r a d i a t i o n  d i r e c t l y  
i n t o  a th ree -d imens iona l   env i ronmen t   ( e .g . ,  a p r o p e l l e r )  a n d  
( 2 )  r a d i a t i o n  f i rs t  i n t o  a "two-dimensional"   environment ,   such as 
an a n n u l a r  d u c t ,  a n d  t h e n  i n t o  a three-d imens iona l  envi ronment  
(e .g . ,  a c o m p r e s s o r   r o t o r / s t a t o r   c o n f i g u r a t i o n ) .  Our e x p e r i m e n t a l  
e f f o r t s ,  h o w e v e r ,  were l imited t o  t he  f i rs t  case - s p e c i f i c a l l y  
t o  a s i n g l e  m o d e l  r o t o r  a n d  a m o d e l  r o t o r / s t a t o r  c o n f i g u r a t i o n ,  
~~ 
* A l t h o u g h  f l u c t u a t i n g  f o r c e s  o n  s t a t i o n a r y  blades w i l l  also 
~~ 
c a u s e  s o u n d  g e n e r a t i o n ,  these were n o t  t h e  o b j e c t  o f  s t u d y  i n  
the  d e s c r i b e d  research e f fo r t .  
1 
b o t h  o p e r a t i n g  w i t h  and  wi thou t  supe r imposed  f low and  r ad ia t ing  
d i r e c t l y  i n t o  a three-d imens iona l   envi ronment .   Al though it was 
n o t  p o s s i b l e  t o  s u b s t a n t i a t e  a l l  t h e o r e t i c a l . r e s u l t s  by  a p p r o p r i -  
a t e  expe r imen t s ,  we p r e s e n t  a l l  t h e o r e t i c a l  f i n d i n g s  s i n c e  t h e y  
a l l o w  f o r  conc lus ions  on  some i m p o r t a n t  f e a t u r e s  of compressor  
n o i s e  t h e o r y .  
2 
11. C O M P R E S S O R   N O I S E   T H E O R Y  
1 In this section.we discuss the generation of sound by fluc- 
p 
1' tuating forces on rotating blades  that operate (1) in a "free environment" (i.e., radiating directly into a three-dimensional 
ating first into a two-dimensional az;ld then into a three- 
dimensional environment). In both cases, fluctuating forces can 
i', be represented by aerodynamic dipoles. In the following sections, 
we consider the sound power radiation from stationary  dipole 
sources (for completeness, we also discuss monopole sources)  and 
in subsequent sections, the sound power radiation from rotating 
rotor-stator configuration in a free-field  environment  and in a 
leads to a simplified model for the sound radiated by a ring of 
fluctuating forces and will be  compared to existing  exact  models. 
) I> environment) and (2) in an "obstructed environment" (i.e,, radi- 
[ j. j sources. For rotating sources we discuss the two cases of a 
\ narrow annular duct of semi-infinite extent. This discussion 
I , 
In discussing the results of the experimental program in 
Chapter 111, we will use this model to interpret discrete fre- 
quency sound; broadband noise will be  discussed  in  terms of the 
simple  stationary dipole source. 
A .  S o u n d   R a d i a t i o n   F r o m   S t a t i o n a r y   A e r o d y n a m i c   S o u r c e s  
1. A n a l y t i c a l   a p p r o a c h  
We consider a source located between two  semi-infinite  par- 
allel plates of separation h, a distance small in comparison to a 
wavelength  of sound at the frequency in question (Fig. 1). The 
problem is  to determine how  much sound is radiated into the  free 
environment  beyond the plates in comparison to the  sound gener- 
ated by the same  source in free  space.  We will first  solve the 
sound generation problem in the two-dimensional environment, 
satisfying the  boundary condition, p = 0, on the narrow opening. 
We will then solve for the particle velocity at this  slit  and 
calculate  the resulting sound  field  in  the three-dimensional 
environment. The radiation of the slit into  free  space is most 
naturally expressed by a Fourier transfer in the y direction, 
which turns into a plane-wave reflection problem at the slit. 
Therefore, the  sound generation in the  constrained  environment 
is also calculated by means of a Fourier transform in y so that 
the plane  wave components at the slit are immediately  available. 
The point-sources of interest  are the monopole  and the 
vertical and horizontal dipoles. 
3 
2 .  R e s u l t s  
The r e s u l t s  o f  t h e  a n a l y s i s ,  p r e s e n t e d  i n  Appendix A and 
summarized i n  T a b l e  I, show t h a t  t h e  sound Dower from a monoDole 
s o u r c e  o b s e r v e d  i n  t he  f ree- f ie ld  environment  i s  independent   o f  
whether t h e  monopole  source radiates d i r e c t l y  i n t o  t h e  f r e e  f i e l d ,  
o r  w h e t h e r  t h e  s o u r c e  radiates f i r s t  i n t o  a two-dimensional  and 
t h e n  i n t o  t h e  three-d imens iona l  envi ronment .  
The same s t a t e m e n t   h o l d s   f o r  a v e r t i c a l *   d i p o l e .  However, 
l o c a t i n g  a h o r i z o n t a l "  d i p o l e  i n  a two-dimensional  environment 
r e s u l t s  ( f o r  a g i v e n  f o r c e )  i n  t w i c e  t h e  power  obse rved  in  t h e  
f r e e  f i e l d ;  i . e . ,  a 3 dB i n c r e a s e  i n  power ( s e e  r e f e r e n c e  1). 
These s i m p l e   e q u a t i o n s  are assumed t o  be  a p p l i c a b l e  t o  
b r o a d b a n d  r o t o r - n o i s e  a n a l y s i s  b e l o w  f r e q u e n c i e s  f o r  w h i c h  t h e  
wavelengths  a r e  smaller t h a n  t h e  d i s t a n c e  o f  hub t o  s h r o u d  
( a l t e r n a t i v e l y ,   r o o t   t o   t i p   o f  b l a d e ) .  The f r ee - f i e ld  d i p o l e  
power  equat ion i s  u s e d  i n  t h e  i n t e r p r e t a t i o n  o f  b r o a d b a n d  s o u n d  
r a d i a t i o n  f r o m  t h e  e x p e r i m e n t a l  r o t o r  a n d  s t a t o r / r o t o r  c o n f i g u -  
r a t i o n s .  
B. S i m p l i f i e d  Model fo r  t h e  S o u n d  Radia ted  by F l u c t u a t i n g  
Forces i n  Compressors 
1. I n t r o d u c t i o n  
The c a l c u l a t i o n  o f  s o u n d  radiated by f l u c t u a t i n g  f o r c e s  i n  
a x i a l   c o m p r e s s o r s  has been t h e  s u b j e c t   o f  much r e s e a r c h .  There 
are c u r r e n t l y  e x a c t  s o l u t i o n s ,  of some c o m p l e x i t y ,  f o r  t h e  sound 
rad ia ted  by a r i n g  o f  f l u c t u a t i n g  f o r c e s  r e p r e s e n t i n g  a r o t o r  
and a s t a t o r  l o c a t e d  i n  (1) a f ree  f i e l d  ( r e f e r e n c e  2 )  and ( 2 )  a 
conf ined   envi ronment   such  as a c i r c u l a r  d u c t  o f  s e m i - i n f i n i t e  
l e n g t h   ( r e f e r e n c e  3 )  ( F i g .  2 ) .  
These s o l u t i o n s  i n v o l v e  s p e c i a l  m a t h e m a t i c a l  f u n c t i o n s  a n d  
f i n a l  r e s u l t s  r e q u i r e  t h e  u s e  o f  a d i g i t a l   c o m p u t e r .  I n  t h e  
f o l l o w i n g ,  we employ   s imple   approx ima te   ana ly t i ca l   exp res s ions  
f o r  t h e  t o t a l  power radiated by f l u c t u a t i n g  f o r c e s  f o r  t h e  two 
cases. 
* For d e f i n i t i o n  o f  o r i e n t a t i o n  see T a b l e  I. 
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SCHEMATIC OF CONFIGURATION 
(TWO SEMI-INFINITE PLATES, 
SEPARATED BY A DISTANCE h 








POWER OBSERVED IN FREE-FIELD FROM 
SOURCE W T E D  IN 
I'W-DIMENSIONAL 
ENVIRONMENT 
2  2 
p o  (S,h) 
4 r c  
F, w h 2 2 2  
6 r p c 3  
F?a2 h2 
12 r p  c3 
SOURCE LOCATED IN 
FREE-FIELD 
ENVIRONMENT 
2 2  
p o  - s 
4 r c  
F2 u2 
12 r p  c3 
TABLE I: R A D I A T E D   P O W E R  FROM STATIONARY P O I N T  SOURCES 
( N o t e  t h a t  Flh = ?, S l h  = SI 
5 
Our r e s u l t s  u s i n g  t h e s e  e x p r e s s i o n s  a re  then compared w i t h  
t h e  e x a c t  t h e o r i e s  o f  r e f e r e n c e s  2 and 3, b y  w h i c h  i n s i g h t  i n t o  
the n a t u r e   o f   t h e   s o u n d   g e n e r a t i o n   p r o c e s s  i s  o b t a i n e d .  The. 
a p p r o x i m a t e  s o l u t i o n s  a l s o  i n d i c a t e  what type   o f   "model"  i s  
a p p r o p r i a t e  i n  the  c a l c u l a t i o n   o f   c o m p r e s s o r   n o f s e .   I n   o t h e r  
w o r d s ,  a n  e x a c t  s o l u t i o n  f o r  a r o t o r  i n  a f r ee  f i e l d  c a n  h a r d l y  
be used as a n  e x a c t  s o l u t i o n  f o r  c o m p r e s s o r  n o i s e  i f  t he  r ange  
o f  pa rame te r s  i s  s u c h  t h a t  e n c l o s u r e  w i t h i n  t h e  d u c t  a f f e c t s  t h e  
p r o c e s s  of  sound  gene ra t ion .  
The a p p r o x i m a t e  s o l u t i o n s  are based on the  r a t i o  o f  t y p i c a l  
l e n g t h s  i n  t h e  problem. It i s  a familiar idea i n  a c o u s t i c s  t h a t  
i f  a g e o m e t r i c a l  l e n g t h  i s  smaller ( o r  l a r g e r )  t h a n  a wavelength ,  
c e r t a i n   ( d i f f e r e n t )   a p p r o x i m a t i o n s   c a n  be  made. The ma themat i ca l  
f o u n d a t i o n  f o r  these ideas i s  t h e  t h e o r y  o f  s i n g u l a r  p e r t u r b a t i o n  
p r o b l e m s  ( r e f e r e n c e  4) and t h e  method  of  matched  asymptotic  ex- 
pans ions ,  one  of  t h e  t echn iques  wh ich  has b e e n  d e v e l o p e d  s p e c i f i -  
c a l l y  f o r  t h i s  t ype   o f   p rob lem.  Th i s  t e c h n i q u e  has found wide 
a p p l i c a t i o n  i n  f l u i d  m e c h a n i c s  a n d  has l a t e l y  begun t o  a p p e a r  i n  
p rob lems   o f   acous t i c s   and   ae rodynamic   no i se   ( r e fe rences  4 and 5 ) .  
The formal  method of  matched asymptote  expansion w i l l  no t  be  
used;  t h e  p h y s i c a l  r e a s o n i n g  w h i c h  s t r o n g l y  u n d e r l i e s  t h e  mathe- 
m a t i c a l  t e c h n i q u e s  will be  s t ressed i n  o b t a i n i n g  t h e  approximate 
s o l u t i o n .  
2 .  R o t o r / s t a t o r   i n   f r e e - f i e l d   e n v i r o n m e n t  
We now d i s c u s s  a n  a p p r o x i m a t e  s o l u t i o n  f o r  t h e  sound radi-  
ated by f l u c t u a t i n g  l i f t  a n d  d r a g  f o r c e s  o n  a r o t o r / s t a t o r  i n  a 
f r ee  f i e l d  which i s  d i r e c t l y  c o m p a r a b l e  t o  t h e  s o l u t i o n  o r i g i n a l l y  
o b t a i n e d  by Lowson. I n  Lowson's  model, t h e  f l u c t u a t i n g   f o r c e s  
a c t i n g  o n  t h e  b l ade  s u r f a c e  are c o n s i d e r e d  t o  be p o i n t  f o r c e s ,  
T h i s  approximat ion  i s  j u s t i f i e d  i f  t h e  blade chord  and  span  over  
which t h e  f l u c t u a t i n g  f o r c e s  a c t  are bo th  small i n  c o m p a r i s o n  t o  
t h e  a c o u s t i c   w a v e l e n g t h .   I n  many a p p l i c a t i o n s ,  t h e  chord ,   bu t  
n o t   t h e   s p a n ,   f u l f i l l s  t h i s  r e q , u i r e m e n t .   I n   s u c h   c a s e s ,  a l i n e  
o f  f o r c e s  a l o n g  t h e  blade span  would be more appropr i a t e ;  however ,  
these c a s e s  w i l l  n o t  be  f u r t h e r  c o n s i d e r e d  a l t h o u g h  t h e y  cou ld  b e  
i n c l u d e d  w i t h  a s l i g h t  e x t e n s i o n .  
The " p o i n t  s o u r c e ' '  m o d e l  f o r  r o t o r / s t a t o r  r a d i a t i o n  i n  a 
f r e e  f i e l d  i s  shown i n   F i g .  3.  T h i s  i s  i d e n t i c a l  t o  Lowson's 
model e x c e p t ' t h e  s t a t o r  blade p a t t e r n  b e g i n s  a t  8 = 0 f o r  c o n -  
ven ience .  
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. 
If t h e  s t a t o r  blades were r e p r e s e n t e d  by s t e a d y  p o i n t  f o r c e s ,  
even ly  spaced  a round  t h e  r i n g ,  t he  f o r c e  d i s t r i b u t i o n  i n  8 cou ld  
be w r i t t e n  as the  F o u r i e r  series f o r  a r e p e a t e d  p a t t e r n  o f  de l t a  
f u n c t i o n s .  
where V i s  the  number  of blades and $ i s  the  f o r c e  on a s i n g l e  
blade. Likewise a steady ( w i t h  r e s p e c t  t o  t he  r o t o r )  f o r c e  d i s -  
t r i b u t i o n  o n  the  r o t o r  would be 
w h i c h  r e p r e s e n t s  a repeated p a t t e r n  o f  de l t a  f u n c t i o n s  r o t a t i n g  
w i t h  a n g u l a r  v e l o c i t y  a.  
To r e p r e s e n t  t h e  u n s t e a d y  f o r c e s  o n  t h e  s t a t o r  due t o  i n t e r -  
a c t i o n  w i t h  t h e  r o t o r ,  t he  s t a t o r  de l t a  f u n c t i o n  p a t t e r n  i s  m u l t i -  
p l i e d  by a f u n c t i o n  o f  8 and t tha t  i n c o r p o r a t e s  t h e  a m p l i t u d e ,  
f r equency ,  and  phase  s h i f t  f rom blade  t o  b l ade  due t o  a harmonic 
of  t h e  r o t o r  
where Fm i s  t h e  f o r c e  o n  a s t a t o r  blade due t o  i n t e r a c t i o n  w i t h  
t h e  m t h  harmonic  of t h e  r o t o r .  
-f 
A similar e x p r e s s i o n  f o r  the  u n s t e a d y  f o r c e  d i s t r i b u t i o n  on 
t h e  r o t o r  i s  o b t a i n e d  by  m u l t i p l y i n g  the  r o t a t i n g  p a t t e r n  o f  d e l t a  
f u n c t i o n s  w i t h  a f u n c t i o n  o f  8 t h a t  g i v e s  t he  ampl i tude  and  ap-  
p r o p r i a t e  p h a s e  s h i f t  between blades d u e  t o  i n t e r a c t i o n  w i t h  t h e  
f i x e d  s t a t o r .  
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where $k i s  t h e  f o r c e  o n  t h e  r o t o r  d u e  t o  i n t e r a c t i o n  w i t h  t h e  
s t a t o r  h a r m o n i c .  
F i g u r e  3 i n d i c a t e s  s c h e m a t i c a l l y  t h e  r e p e a t e d  d e l t a  f u n c t i o n  
p a t t e r n s  m u l t i p l i e d  b y  a c o n t i n u o u s  wave t ha t  g i v e s  t h e  appro-  
p r i a t e   a m p l i t u d e   a n d   p h a s e   f o r  t h e  i n t e r a c t i o n .   I n  these  expres -  
s i o n s ,  a n y  p h a s e  s h i f t  w h i c h  o c c u r s  i n  t h e  unsteady  aerodynamic 
f o r c e s  i s  i g n o r e d  s i n c e  i t  i s  t h e  same from b lade  t o  b l a d e .  
The u n s t e a d y  f o r c e s  o n  t h e  s t a t o r  c a n  a l s o  be w r i t t e n  
from  Eq. 3 ,  by  u s i n g   s t a n d a r d   t r i g o n o m e t r i c   r e l a t i o n s h i p s .  The 
s p a t i a l  p a t t e r n   d e p e n d s   o n  mB-kV; t h e  f r equency  i s  mBn. The co r -  
r e s p o n d i n g  r e l a t i o n  f o r  t h e  u n s t e a d y   f o r c e s   o n  t h e  r o t o r ,  f r o m  
Eq. 4 ,  i s  
A s  n o t e d  by  Lowson, t h e  p r i n c i p l e  d i f f e r e n c e  i n  h a r m o n i c  
c o n t e n t  b e t w e e n  s t a t o r / r o t o r  a n d  r o t o r / s t a t o r  i n t e r a c t i o n  i s  t h a t  
a s i n g l e  h a r m o n i c  o f  t h e  r o t o r  i n d u c e s  a s i n g l e  f r e q u e n c y  i n  t h e  
u n s t e a d y  f o r c e  d i s t r i b u t i o n  o n  t h e  s t a t o r  w h i l e  a s i n g l e  h a r m o n i c  
o f  t h e  s t a t o r  d i s t u r b a n c e  i n d u c e s  many h a r m o n i c s  i n  t h e  r o t o r  
u n s t e a d y  f o r c e  d i s t r i b u t i o n  ( i n  a n o n r o t a t i n g  c o o r d i n a t e  s y s t e m ) .  
The F o u r i e r  d e c o m p o s i t i o n  o f  t he  p h a s e d  p o i n t  s o u r c e s  g i v e s  
t h e  familiar s p i n n i n g  m o d e s ,  w a v e s  w h i c h  t r a v e l  a r o u n d  t h e  r i n g  
a t  a r o t a t i o n a l  s p e e d  
- 
'eff mB-kV 
" mB n .  
A " t h r u s t "   s p i n n i n g  mode i s  s k e t c h e d   i n   F i g .  4 .  (The  "drag" 
mode, a d i s t r i b u t i o n  o f  f o r c e  v e c t o r s  i n  t h e  8 d i r e c t i o n ,  i s  more 
d i f f i c u l t  t o  s k e t c h   b u t  i s  c o n c e p t u a l l y  .similar.) F o r   p r a c t i c a l  
a p p l i c a t i o n s ,  t h e  s o u n d  r a d i a t i o n  for models w i t h  m b e i n g  p o s i -  
t i v e  a re  t h e  most i m p o r t a n t ;  i n  t h i s  c a s e  t h e  e f f e c t i v e  wave 
speed  Q e r f R ,  becomes   supersonic ,   which ,   to  a good  approximation,  
8 
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i s  a n e c e s s a r y   c o n d i t i o n  for e f f i c i e n t  s o u n d  r a d i a t i o n .  If an  
e x a c t  s o l u t i o n  i s  s o u g h t  f o r  the  f a r - f i e l d  r a d i a t i o n  f r o m  the 
r o t a t i n g  l i f t  and   drag  modes o f  t h e  s t a t o r  (Eq. 5)  a n d  t h e  r o t o r  
(Eq. 6 ) ,  Lowson's   theory i s  o b t a i n e d .  However, w e  may o b t a i n   a n  
a p p r o x i m a t e . s o 1 u t i o n  f o r  t h e  t o t a l  a c o u s t i c  p o w e r  by making the  
s i m p l i f i c a t i o n  s u g g e s t e d  i n  F i g .  4 from t h e  r o t a t i n g  r i n g  mode t o  
t h e  t r a v e l i n g  l i n e  mode s i n c e  t h e  i m p o r t a n t  s o u n d  r a d i a t i o n  i n  
compressors  comes  from  modes which r o t a t e  a t  s u p e r s o n i c  s p e e d s .  
The c o n d i t i o n s  f o r  t h i s  a p p r o x i m a t e  s o l u t i o n  t o  b e  v a l i d  are tha t  
t h e  r a d i u s  o f  t h e  r i n g  i s  l a r g e  i n  c o m p a r i s o n  t o  t he  a c o u s t i c  
wavelength and t h e  wave speed  i s  s u p e r s o n i c .  
The t o t a l  a c o u s t i c  power f o r  t h e  r o t a t i n g  r i n g  mode i s  t h e n  
the  a c o u s t i c  p o w e r / u n i t  l e n g t h  i n  t h e  t r a v e l i n g  l i n e  mode times 
the  p e r i m e t e r  2 r R .  It i s  u s e f u l  t o  c o n s i d e r  t h e  i n d i v i d u a l  blade 
e l e m e n t s  i n  t h e  l i n e a r  m o d e l  ( F i g .  4c)  t o  o b t a i n  t h e  r e l a t i o n s h i p  
be tween   t he  l i f t  and  drag+components  of t he  t r a v e l i n g  mode. The 
r e s u l t a n t  u n s t e a d y  f o r c e  F w i l l  b e  l a r g e l y  n o r m a l  t o  t h e  incoming 
f l o w   d i r e c t i o n .  The u n s t e a d y  f o r c e  d i s t r i b u t i o n  i n  t h e  t r a v e l i n g  
l i n e  mode i s  o b t a i n e d  by  r e p l a c i n g  8 by  y/Ro i n  E q s .  5 and 6 .  
( A  f a c t o r  l/Ro e n t e r s  i n  t h e  t r a n s f o r m a t i o n  f r o m  8 + y s i n c e  a 
f o r c e  d i s t r i b u t i o n  p e r  u n i t  a n g l e  has been  changed t o  a f o r c e  
d i s t r i b u t i o n  p e r  u n i t  l e n g t h . )  
We o b t a i n  f o r  t h e  s t a t o r  
a n d  f o r  t h e  r o t o r ,  
m m 
$ ( y , t >  = - 1 1 gk cos[(mB-kV)y/R-mBRt 1 . r 2rR k=-m m=-m 
Each mode o f  r a d i a t i o n  f r o m  e i t h e r  r o t o r  o r  s t a t o r  i s  a t r a v e l i n g  
wave d i s t u r b a n c e  o f  t he  t y p e  
where ti and di a r e  t h e  t h r u s t  a n d  d r a g  c o m p o n e n t s  r e s p e c t i v e l y .  
The t o t a l  a c o u s t i c  p o w e r / u n i t  l e n g t h  r a d i a t e d  by t h i s  t y p e  o f  
9 
s i n g u l a r i t y  d i s t r i b u t i o n  i s  d e r i v e d   i n   A p p e n d i x  B. To o b t a i n  t h e  
t o t a l  power for the  compressor  model ,  E q .  B-14 i s  m u l t i p l i e d  by 
the p e r i m e t e r  o f  t he  r i n g ,  2.rrRo: 
The v a r i a b l e s  ti, di, k and k may be i d e n t i f i e d  for t h e  s t a t o r  
a n d  r o t o r  f r o m  E q s .  8 and 9 as follows: 
Y 
f o r  t h e  stator, 
- V 
ti 2rRo Tm ' "
a n d  f o r  t h e  r o t o r ,  
- B 
ti  2rR, Tk ' "
For t h e  s t a t o r ,  t h e  rms a c o u s t i c  p o w e r  l e v e l  d u e  t o  a s i n g l e  
mode i s  
where n = mB, X = kV, p = n-X. F o r  t h e  r o t o r ,  t h e  rms a c o u s t i c  
power l e v e l  d u e  t o  a s i n g l e  mode i s  
- B 2  D i u 2  
8rRipc nM 1% [(nM)2-p2]  + for nM > p . (14) 
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T h e s e  r e s u l t s  are a n  a p p r o x i m a t e  a n a l y t i c  e q u i v a l e n t  t o  L o w s o n ' s  
r e s u l t s ,  w h i c h  h e  e x p r e s s e s  ( f o r  t h e  r o t o r )  as 
-  [ (Mn)2  (BTA)2 $ + p 2 ( B D A ) 2  51 . 
8 ~ R i  pc 
The a n a l y t i c  e q u i v a l e n t s  t o  ? and 6 ,are 
(nMI2-p2 . A 1 T =  9 D = -  
4(nM) 2nM 
Equa t ions  1 6  are  c l o s e  t o  t h e  approximat ions   sugges ted  by 
Lowson upon examining h i s  n u m e r i c a l  r e s u l t s :  
T -  4n" 
1 .  A A 1 D - -  2nM ' 
excep t  t h a t  T i s  m i s s i n g  t h e  dependence  upon 1-1. A 
F i g u r e  5 compares t h e  n u m e r i c a l  r e s u l t  f o r  T and t h e  a p p r o x i -  
A 
mation  of  Eq. 1 6 .  The new r e s u l t s   i m p r o v e   t h e   s u g g e s t e d   a p p r o x i -  
mat ion f o r  p f 0 .  However, t h e   p y r p o s e  of t h i s  comparison i s  n o t  
t o  p r o v i d e  a new a p p r o x i m a t e  f o r  T b u t  t o  p r o v i d e  a n  u n d e r s t a n d -  
i n g  o f  t h e  n a t u r e  o f  t h e  a p p r o x i m a t e  s o l u t i o n ,  i t s  j u s t i f i c a t i o n ,  
and i t s  accuracy .  
A c l a r i f i c a t i o n  of  t h e  s u g g e s t i o n  b y  Lowson t h a t  !J = 0 i s  an 
optimum c h o i c e  f o r  qu ie t   compresso r s  i s  s e e n   i n  E q .  1 6 .  For t h i s  
model  of a r o t o r  i n  a f r e e  environment ,  1-1 = 0 i s  an  optimum 
cho ice  i f  
w h i c h   c o r r e s p o n d s   r o u g h l y   t o   s t a g g e r   a n g l e s ,  B ,  of 55O ( s e e  
F i g .   4 c ) .   I n  t h e  n e x t   s e c t i o n ,  a similar model f o r  a r o t o r  i n  a 
confined  environment  w i l l  be  d i s c u s s e d .  
11 
3 .  Rotor /s tator   in  a narrow annulus 
We now c o n s i d e r  s o u n d  r a d i a t i o n  f r o m  f l u c t u a t i n g  l i f t  and 
d r a g  f o r c e s  f o r  a r o t o r / s t a t o r  i n  a n a r r o w  s e m i - i n f i n i t e  a n n u l a r  
d u c t ,  as s k e t c h e d   i n   F i g .  6 .  We "unwrap" t h e   a n n u l a r   d u c t   a n d  
d e v e l o p  a n  a p p r o x i m a t e  s o l u t i o n  f o r  t h e  s o u n d  r a d i a t e d  i n t o  f r e e  
s p a c e  by f l u c t u a t i n g  l i f t  a n d  d r a g  f o r c e s  o n  a v e r t i c a l  c a s c a d e  
o f  blades c o n f i n e d  b e t w e e n  t w o  s o l i d  p l a t e s .  
The r e p r e s e n t a t i o n  o f  t h e  f l u c t u a t i n g  p o i n t  f o r c e s  as s i n u -  
s o i d a l  d i s t r i b u t i o n s  o f  s i n g u l a r i t i e s  a l o n g  t h e  y a x i s  i s  t h e  
same as f o r  t h e  r o t o r / s t a t o r  i n  f r e e  s p a c e ,   g i v e n  by Eqs. 8 and 
9 ;  what i s  d i f f e r e n t  i s  t h e  s o l u t i o n  f o r  t h e  a c o u s t i c  f i e l d .  
If t h e   d i s t a n c e   b e t w e e n  t h e  p l a t e s  i s  smaller t h a n  X/2, t h e  
a c o u s t i c  s o l u t i o n s  w i t h i n  t h e  conf ined   envi ronment  are  two- 
d i m e n s i o n a l   o b l i q u e   p l a n e   w a v e s   i n  x and y .  The waves a re  gen- 
erated a t  t h e  blades a n d  r e f l e c t e d  a t  t h e  f r e e  edge so  t h a t  o n l y  
a small f r a c t i o n  o f  t h e  a c o u s t i c  p o w e r  i s  t r a n s m i t t e d  i n t o  t h e  
f r e e  space  beyond t h e  edge. T h i s  immedia te ly  ra ises  t h e   q u e s t i o n  
of  t h e  a p p l i c a b i l i t y  o f  a s e m i - i n f i n i t e  m o d e l  t o  r e a l  compressors  
i n  c a s e s  where t h e  d u c t  s e r i o u s l y  m o d i f i e s  t h e  g e n e r a t i o n  o f  
acous t ic   power   over  t h e  f r e e - f i e l d   c a s e .  However, s e v e r a l   s o l u -  
t i o n s  o f  t h i s  type  have  been  developed  by m o r e  e l a b o r a t e  mathe- 
m a t i c a l  t e c h n i q u e s  a n d  i t  i s  our p u r p o s e  t o  m o d e l  a p p r o x i m a t e l y  
these s o l u t i o n s .  
The sound  power /L;n i t   l ength   genera ted   in  t h e  conf ined   en-  
v i r o n m e n t  a n d  t r a n s m i t t e d  i n t o  f r e e  space  by the   combina t ion   o f  
t h e  f l u c t u a t i n g  l i f t  and   drag   of  E q .  10  i s  de r ived   i n   Append ix  C .  
T o  o b t a i n  t h e  t o t a l  power f o r  t h e  c o m p r e s s o r  s k e t c h e d  i n  F i g .  6 ,  
t h e  p o w e r / u n i t  l e n g t h  i s  m u l t i p l i e d  b y  t h e  p e r i m e t e r  o f  t h e  d u c t ,  
2.rrRo. The r e s u l t  i s  
I I  n 
n = i l p c k  (t.- 1 Y - d . k  = Y  > 2  k > k  . Y 
Equat ion  1 7  i s  t h e  e q u i v a l e n t  o f  E q .  11 for t h e  con f ined  rotor 
case .  The two formulas   have  some ra ther  i n t e r e s t i n g   r e l a t i o n -  
s h i p s :  
1. I n  t h e  absence  of d r a g ,  t h e  a c o u s t i c   p o w e r   d u e   t o  t h e  
f l u c t u a t i n g  t h r u s t  radiated from t h e  conf ined  env i ron -  
ment i s  doubled .  
12 
2 .  I n  t he  a b s e n c e   o f   t h r u s t ,  t h e  a c o u s t i c   p o w e r   d u e   t o  
f l u c t u a t i n g  drag i s  t h e  same. 
3. The power radiated i n t o  f r ee  space  by t h e  t h r u s t   a n d  
drag f o r c e s  i s  n o t  j u s t  t h e  sum o f  t he  s q u a r e s  - t he re  
i s  a c r o s s  term be tween  th rus t  and  d rag .  
It would be more a p p r o p r i a t e  t o  c o m p a r e  Eq. 1 7  w i t h  t h e  power 
radiated "forward" by t h e  r o t o r  i n  a f r ee  environment  (Eq. B-15,  
m u l t i p l i e d  by  27rR , ) :  
w h i c h  a l s o  i n v o l v e s  a c r o s s  term be tween  th rus t  and  d rag .  
Equat ion  1 2  g i v e s  t h e  correspondence  between t i ,  d i ,  k and k 
and t h e  compressor   parameters  of  Eqs. 8 and 9 .  Y 
The f o r m u l a s ,   e q u i v a l e n t   t o  E q s .  13 and 1 4 ,  f o r  t h e  rms 
a c o u s t i c  power radiated i n t o  f ree  space  by a s i n g l e  mode of  t h e  
r o t o r / s t a t o r  f l u c t u a t i n g  f o r c e s  c o n f i n e d  w i t h i n  a' narrow  annuZar 
d u c t  are  f o r  t h e  s t a t o r ,  
and f o r  t h e  r o t o r ,  
- B2 - 1 {T,[(nM)'-p2]' 
1 6 ~ ~ ; :  p c  nM - D A P ) ~  nM > p . ( 2 0 )  
4 .  Discussion o f  developed model 
The e x p r e s s i o n s  f o r  t h e  t o t a l  a c o u s t i c  power  due t o  harmonic 
f l u c t u a t i n g  l i f t  and drag f o r c e s  ( a c t i n g  o n  r o t o r  blades)  f o r  t h e  
v a r i o u s  s i m p l i f i e d  m o d e l s  are  summarized i n  Table  11, a l o n g  w i t h  
a s s o c i a t e d  n o n d i m e n s i o n a l  f u n c t i o n s  T I ,  T 2 ,  and T,3. The we igh t ing  
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TABLE 11: S U M M A R Y  OF RESULTS 
T o t a l   A c o u s t i c  
Power  - F r e e  
R o t o r  
P o w e r   R a d i a t e d  
F o r w a r d  - F r e e  
R o t o r  
P o w e r   R a d i a t e d  
i n t o   F r e e   S p a c e  
C o n f i n e d   R o t o r  
= ( B2T: ) . 
~ I T R ~  p c  T 2  T2 
t 
f u n c t i o n  T ,  ( r e l a t e d  t o  t h e  t o t a Z   p o w e r   r a d i a t e d  b y  t h e  r o t o r  i n  
a f r e e  f i e Z d )  i s  i n  v e r y  c l o s e  a g r e e m e n t  w i t h  Lowson ' s   ( re ference  
2 )  more exac t   bu t   complex   t heo ry .  The second   expres s ion ,  T 2  
( r e l a t i n g  t o  t he  power r a d i a t e d  u p s t r e a m  f r o m  t h e  f r e e  r o t o r ) ,  
i s  the  a p p r o p r i a t e  q u a n t i t y  t o  c o m p a r e  w i t h  L a n s i n g ' s  ( r e f e r e n c e  
3 )  t h e o r y  f o r  t h e  r o t o r  c o n f i n e d  i n  a s e m i - i n f i n i t e   d u c t .  The 
e f f e c t  o f  c l o s e  c o n f i n e m e n t   i n  a naFrow annulus ,  w h i c h  i n d i c a t e s  
t h e   i m p o r t a n c e   o f  t h e  d u c t ,  i s  g i v e n  by T,. I n  b o t h  T 2  and T 3 ,  
t h e  power radiated downstream i s  o b t a i n e d  by c h a n g i n g  t h e  s i g n  
o f  t he  c ross -p roduc t  term i n v o l v i n g  t h r u s t  and d rag .  
W e  w i l l  now compare t h e  r e s u l t s  o f  these m o d e l s  f o r  v a r i o u s  
v a l u e s  of  t h e  r a t i o  o f  d r a g  f o r c e  a n d  t h r u s t  f o r c e ,  D/T. We w i l l  
then compare t h e  s i m p l i f i e d  m o d e l s  w i t h  t he  c a l c u l a t i o n  p r e s e n t e d  
by Lansing.  
a. D/T = 0 
When t h e  f l u c t u a t i n g  f o r c e s  a r e  a l i g n e d  o n l y  a l o n g  t h e  
a x i s  o f  t h e  d u c t ,  t h e  e x p r e s s i o n s  f o r  T I ,   T 2  and T3 be- 
come q u i t e   s i m p l e .  The  t o t a l  power   f rom  the   ro to r   i n  a 
f r e e  e n v i r o n m e n t  i s  t h e n  p r o p o r t i o n a l  t o  
- - (nM) 2-p2 4 nM 
The power radiated forward  from a f r e e  r o t o r  i s  propor-  
t i o n a l  t o  j u s t  half  o f  t h i s  e x p r e s s i o n .  The power radi-  
a ted i n t o  f r e e  s p a c e  f r o m  t h e  a n n u l a r  d u c t  i s  t w i c e  t h e  
t o t a l  power  r ad ia t ed  by t h e  same f l u c t u a t i n g  f o r c e s  i n  
a f r e e   e n v i r o n m e n t   ( s e e   a l s o   r e f e r e n c e  1). F i g u r e  7 
shows T 3  as a f u n c t i o n  o f  nM for v a r i o u s  v a l u e s  o f  p. 
The acous t i c   power  i s  reduced  as p i n c r e a s e s .  
b.  D/T > 0 
When the  d rag  componen t  o f  t he  f luc tua t ing  fo rces  i s  
g r e a t e r  t h a n  z e r o ,  t h e  r e s u l t s  become a good d e a l  more 
i n t e r e s t i n g  b e c a u s e  some c a n c e l l a t i o n  o c c u r s  i n  t h e  
f o r w a r d  d i r e c t i o n  d u e  t o  t h e  p r e s e n c e  o f  b o t h  f l u c t u -  
a t i n g  l if t  a n d   f l u c t u a t i n g   d r a g .   F i g u r e   8 a  shows t h e  
f u n c t i o n  T , ,  which i s  e q u i v a l e n t  t o  t h a t  i n  Lowson's 
t h e o r y .   F i g u r e  8b shows t h e  f u n c t i o n  T, ( r e l a t i n g  t o  
the power radiated upstream from a r o t o r  i n  a f r e e  
env i ronmen t ) .  
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Due t o  t h e  n e g a t i v e  c r o s s - p r o d u c t  terms between l i f t  and   drag ,  
some d i p s  i n  t h e  c u r v e s  are p r e s e n t .  T h i s  may h a v e   a n   a p p l i c a -  
t i o n   i n   f a n   n o i s e   r e d u c t i o n .   F i g u r e   8 c   s h o w s  T3, t h e   f u n c t i o n  
t h a t  r e l a t e s  t o  t h e  a c o u s t i c  p o w e r  r a d i a t e d  i n t o  f r e e  space  due 
t o  f l u c t u a t i n g  l i f t  a n d  d r a g  f o r c e s  w i t h i n  a c o n f i n e d  a n n u l a r  
d u c t .  The d i p s  i n  t h e  c u r v e  are  m o r e   p r o n o u n c e d   t h a n   i n   F i g s .  8a 
a n d  8 b  a n d  c o m p l e t e  c a n c e l l a t i o n  o c c u r s  f o r  c e r t a i n  c o m b i n a t i o n s .  
One must  remember,  however, tha t  c a n c e l l a t i o n  i n  t h e  power  r ad i -  
a t ed  fo rward  becomes  r e in fo rcemen t  in  t h e  p o w e r  r a d i a t e d  down- 
stream. F i g u r e s   g a , b , c  show similar r e s u l t s   f o r  D/T = 1 . 0 .  I n  
F i g .  ga, t h e  t o t a l  p o w e r  r a d i a t e d  by t h e  r o t o r  i n  t h e  f ree  en- 
vironment  i s  now dominated  by t h e  e f f i c i e n c y  o f  t h e  f l u c t u a t i n g  
d r a g   f o r c e s   w h i c h ,  as no ted  by  Lowson, i s  p r o p o r t i o n a l  to p'. 
Thus T, i s  m i n i m i z e d   f o r  p = 0 .  ( A s  d i s c u s s e d   p r e v i o u s l y ,  p = 0 
i s  an  optimum  only i f  D/T > l/d? . )  The  power radiated forward  
c o n t i n u e s  t o  show d i p s   ( F i g .  9 b )  a n d   t h e   p o w e r   r a d i a t e d   i n t o  f r e e  
space  f rom t h e  a n n u l a r  d u c t  s t i l l  has broad  -areas o f  c a n c e l l a t i o n  
( F i g .   9 c ) .  (With c o r r e s p o n d i n g  areas o f   r e in fo rcemen t   downs t r eam. )  
The e x a c t  s o l u t i o n  f o r  s o u n d  r a d i a t e d  by f l u c t u a t i n g  f o r c e s  
d i s t r i b u t e d  w i t h i n  a s e m i - i n f i n i t e  d u c t  o f  c i r c u l a r  c r o s s  s e c t i o n  
was p r e s e n t e d  by L a n s i n g   ( r e f e r e n c e  3 ) .  Although  Lansing  could 
h a v e  c o n s i d e r e d  a n y  d i s t r i b u t i o n  o f  f o r c e s ,  h e  p r e s e n t e d  r e s u l t s  
for a r i n g  o f  p o i n t  f o r c e s ,  l o c a t e d  a t  a r a d i u s  o f  80% o f  t h e  
d u c t  r a d i u s  (s imilar  to Lowson's   model) .   Using  the  s imple ideas 
of  t h e  approx ima te   t heo ry ,   one   wou ld   a rgue   t ha t  t h e  duct  would 
h a v e  e s s e n t i a l l y  n o  e f f e c t  o n  t h e  p o w e r  r a d i a t e d  by t h e  f a n ,  
b e i n g  o f  r a d i u s  much l a r g e r  t h a n  a wave leng th ,  un le s s  t h e  s o u r c e s  
were c l o s e  t o  ( w i t h i n  a w a v e l e n g t h )   t h e   s o l i d  wall, whereupon 
t h e  power  would  increase  and  eventua l ly  double ."  
The s i m p l e  m o d e l  a l s o  i n d i c a t e s  t h a t  t h e  proper   compar ison  
be tween   t he  Lowson a n d  L a n s i n g  c a l c u l a t i o n s  i s  acous t i c   power  
r a d i a t e d  f o r w a r d  r a t h e r  t h a n  " t o t a l  p o w e r " ,  s i n c e  i n  t h e  Lans ing  
m o d e l  m o s t  o f  t h e  a c o u s t i c  e n e r g y  t r a v e l s  down t h e  s e m i - i n f i n i t e  
duc t   and  i s  n o t   c o n s i d e r e d .  
* As i s  wel l -known  ( see ,   for   example ,   re fe rence  6 ,  p .  5031,  t h e  
power  r ad ia t ed  by a s i m p l e  s o u r c e  l o c a t e d  i n  a duc t  approaches  
t h e  f r ee - f i e ld  v a l u e  b y  s t e p w i s e  e x c i t a t i o n  o f  a n  i n c r e a s i n g  
number   o f   duc t   modes ,   and   the   f ree- f ie ld   va lue   g ives  a good 
a v e r a g e  v a l u e  f o r  t h e  p o w e r  r a d i a t e d  as a f u n c t i o n  o f  f r e -  
quency  once t h e  d imens ions   o f  t h e  d u c t  a r e  l a r g e .  
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L a n s i n g  p r e s e n t s  numerical r e s u l t s  for t h e  case i~ = 5, 
R = 0.8. H i s  p a r a m e t e r  T i s  e q u i v a l e n t  t o  nM/0.8. The c u r v e  he 
p r e s e n t s  i s  re la ted t o  o u r  p a r a m e t e r  T ,  ( o r  T, or T3) as 
1 0  l o g  T 
 I IT 0 . 8 ) ~  
F i g u r e  1 0  s h o w s  L a n s i n g ' s  c a l c u l a t i o n  r e p l o t t e d  u s i n g  o u r  
n o t a t i o n ,  1 0  l o g  T v s  nM (which i s  a l s o  t h e  n o t a t i o n  u s e d  by 
Lowson). When we compare  Lansing 's  r e s u l t  w i t h  Lowson's (or o u r s )  
f o r  totaZ power  r ad ia t ed  by  a r o t o r  i n  a f r ee  e n v i r o n m e n t ,  t a k i n g  
T I ,  we see an  obvious  discrepancy.   However ,  i f  w e  compare 
L a n s i n g ' s  r e s u l t  w i t h  o n l y  t h e  a c o u s t i c  p o w e r  r a d i a t e d  f o r w a r d ,  
t a k i n g  T 2 ,  as c a l c u l a t e d  by o u r  s imple model ,  w e  f i n d  much c l o s e r  
agreement .  
I n  p a r t i c u l a r ,  t h e  d i p  i n  L a n s i n g ' s  c u r v e  c a n  now be i n t e r -  
p r e t e d  as c a n c e l l a t i o n  o f  t h e  e f f e c t  o f  t h e  f l u c t u a t i n g  l i f t  and 
d r a g   f o r c e s  ra ther  t h a n  as d u c t   r e s o n a n c e s .   E x c e p t   f o r  t h e  
p r e s e n c e  o f  d u c t  c r o s s  m o d e s ,  h i s  cu rve  i s  i d e n t i c a l  t o  T, f o r  
l a r g e  v a l u e s  o f  nM and the  " f r e e - f i e l d "  v a l u e  s e r v e s  as t h e  
a p p r o p r i a t e  mean v a l u e  as t h e  d u c t  modes a r e   e x c i t e d .   S i n c e  t h e  
s o u r c e s  are l o c a t e d  a d i s t a n c e  R = 0 . 2  f r o m  t h e  s o l i d  wall, a 
maximum of 3 dB cou ld  be  added a t  t h e  low-frequency  end  whenever 
0.2 nM < 7r/2 or when nM 5 8. (A more a c c u r a t e  way t o  c a l c u l a t e  
t h i s  e f f e c t  i s  t o  u s e  t he  s o l u t i o n  f o r  a " two-dimens iona l"   source  
approach ing  an i n f i n i t e  wal l . )  However, i t  i s  n o t   o u r   i n t e n t   t o  
c o n t i n u e  t o  r e f i n e  t h e  approx ima te  theo ry ,  bu t  m e r e l y  t o  p o i n t  
o u t  i t s  u t i l i t y  i n  h e l p i n g  t o  f o r m u l a t e  a n d  e v a l u a t e  m o r e  e x a c t  
methods.  
Also i n d i c a t e d  on  Fig.  1 0  i s  t h e  acous t i c  power  radiated 
i n t o  f r e e  space  i f  t h e  f l u c t u a t i n g  f o r c e s  were c o n f i n e d  i n  a 
na r row  annu lus ,  T , .  Power  would i n c r e a s e   s i g n i f i c a n t l y  a t  h i g h  
f r e q u e n c i e s  a n d  c a n c e l l a t i o n  w o u l d  be more e f f e c t i v e  a t  low 
f r e q u e n c i e s .  
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FIG. 1. M O D E L  F O R  S T A T I O N A R Y  D I P O L E  S O U R C E  I N  T W O - D I M E N S I O N A L  
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a )  FREE  ROTOR 
b) ROTOR IN ANNULAR DUCT 
FIG. 2. R O T O R / S T A T O R  C O N F I G U R A T I O N  I N  ( a )  F R E E - F I E L D  E N V I R O N M E N T  
AND IN ( b )  A N N U L A R   S E M I - I N F I N I T E  D U C T  
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NONDIMENSIONAL FREQUENCY kR = nM 
I 
F I G .  5 .  C O N T :   C O N T R I B U T I O N  OF THRUST  TERMS  TO  POWER ( E X A C T  
S O L U T I O N   A F T E R  LOWSON - R E F E R E N C E  2 )  
COMPRESSOR TWO - DlMENSlO NAL MODEL 
(THRUST + DRAG FORCES) 
FIG. 6. R O T O R  I N  N A R R O W  S E M I - I N F I N I T E  D U C T  A N D  T W O - D I M E N S I O N A L  
A N A L O G  
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F I G .  10.  L A N S I N G ' S   R E S U L T S   ( R E P L O T T E D   A C C O R D I N G   T O   N O T A T I O N  O F  
P R E S E N T   R E P O R T )   I N   C O M P A R I S O N   T O  TI, T2 A N D   T 3  
D E V E L O P E D   I N   P R E S E N T   A N A L Y S I S  1-1 = 5 ;  D = 0 . 9 4 T  
I I I .  EXPERIMENTS 
A .  Introduct ion  
The o b j e c t i v e s   o f  the  expe r imen t s  were twofo ld :  (1) t o  
p rove  t he  f e a s i b i l i t y  o f  m e a s u r i n g  f l u c t u a t i n g  f o r c e s  o v e r  a 
wide f r e q u e n c y  r a n g e  o n  r o t a t i n g  a i r f o i l s ,  u s i n g  s p e c i a l l y  de- 
v e l o p e d  t r a n s d u c e r s  a n d  telemetry t e c h n i q u e s ,  a n d  ( 2 )  t o  c o r r e -  
l a t e  the  m e a s u r e d  f l u c t u a t i n g  f o r c e s  w i t h  t h e  measured sound on 
t h e  basis o f  t h e  v a r i o u s   t h e o r e t i c a l   m o d e l s .  While t h e  f i r s t  
o b j e c t i v e  has b e e n  f u l l y  a c h i e v e d ,  t h e  second had t o  b e  c u r t a i l e d  
t o  a few "spot-checks" a t  e x p e r i m e n t a l  c o n d i t i o n s  t ha t  were n o t  
always f a v o r a b l e   f o r  t h e  c a s e   u n d e r   c o n s i d e r a t i o n .   T h u s ,   e x p e r i -  
ments  on d i scre te  t o n e  r a d i a t i o n  c o u l d  be conduc ted  on ly  a t  
r e l a t i v e l y  low v a l u e s   o f  t h e  b a s i c   f r e q u e n c y  parameter, nM. T h i s  
r ange  i s  c h a r a c t e r i z e d  by ra ther  d r a s t i c  c h a n g e s  i n  t h e  nondimen- 
s i o n a l  p a r a m e t e r s  T I ,  T 2 ,  or T 3 ,  as shown i n  F i g s .  7-9, t h u s  
r e q u i r i n g  a c c u r a c i e s  o f  s o u n d  p o w e r  m e a s u r e m e n t s  tha t  are  d l . f f i -  
c u l t   t o   o b t a i n   i n   r e a l i s t i c   a c o u s t i c  t e s t  rooms.   Furthermore,  
i t  was d i f f i c u l t  t o  s e p a r a t e  t h r u s t  a n d  d r a g  c o m p o n e n t s  o f  t h e  
measured   uns teady   forces   on  the  r o t o r  b lade ,  s i n c e  t he  e f f e c t i v e  
a n g l e  of f low inc idence  on  t h e  r o t o r  b lades  cou ld  no t  be deter-  
mined w i t h  s u f f i c i e n t   a c c u r a c y .  The measurements  and t h e  ob- 
t a i n e d  r e s u l t s  s h o u l d  t h u s  be  c o n s i d e r e d  as r e p r e s e n t a t i v e .  
The exper imenta l   p rogram was d i v i d e d   i n t o   m e a s u r i n g :  (1) 
d i s c r e t e  f r e q u e n c y  f o r c e s  o n  blades and  corresponding  sound radi-  
a t i o n ,   a n d  ( 2 )  b r o a d b a n d   f o r c e s   a n d   s o u n d   r a d i a t i o n .   S e v e r a l  
c o n f i g u r a t i o n s  were t e s t e d ,  i n  p a r t i c u l a r ,  a s i n g l e  r o t a t i n g  
blade,  a s i n g l e  m u l t i b l a d e d  r o t o r ,  a s i n g l e  r o t a t i n g  blade down- 
stream o f  a m u l t i b l a d e d  s t a t o r ,  a n d  a mul t ib l aded  ro to r  downs t r eam 
o f  a m u l t i b l a d e d   s t a t o r .   O n l y  for  t h e  l a t t e r  c o n f i g u r a t i o n  were 
nar rowband measurements  of  forces  and  sound obta ined;  a l l  o t h e r  
c o n f i g u r a t i o n s  were t e s t ed  fo r  b roadband  behav io r .  
B. F o r c e  Measurement  Technology 
1. Approach 
There are b a s i c a l l y  two ways t o  measure  forces  on  blades: 
(1) by means  of a f o r c e - b a l a n c e  a t  t h e  roof  of the b l a d e ,  which 
would  provide t h e  moment on t h e  blade,  or ( 2 )  by means o f  i n d i -  
v i d u a l  f o r c e - s e n s o r s  on t h e  b l a d e ,  whose  output  must b e  i n t e g r a t e d  
t o  o b t a i n  a measure of t h e  t o t a l  f o r c e .  The d i s a d v a n t a g e  of t he  
f i r s t  approach  is that s i g n a l s  are s t r o n g l y  a f f e c t e d  b y  blade 
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bend ing .   The   d i sadvan tage   o f  t h e  second   approach  i s  t h e  p r a c t i c a l  
limit i n  numbers  o f  s enso r s  t ha t  c a n  b e  p l a c e d  o n  a b lade ; ,  chances  
are t h a t  i n f o r m a t i o n  b e t w e e n  s e n s o r s  a n d  d i r e c t l y  a t  l e a d i n g  a n d  
t r a i l i n g  e d g e s ,  as  wel l  as a t  t h e  b l a d e - t i p  r e g i o n  where s e n s o r s  
c a n n o t   b e   p l a c e d ,  w i l l  be   l o s t .   However ,  it was f e l t  t h a t ,  i n  
g e n e r a l ,  t h e  s e c o n d  a p p r o a c h  w o u l d  y i e l d  m o r e  a c c u r a t e  r e s u l t s ,  
e s p e c i a l l y  i n  t he  f requency  range  above  t h e  f i r s t  bending  mode 
f requency ,   and  was a d o p t e d  f o r  t h i s  r e a s o n .  
2 .  Sensors  
Although the  u s e  o f  s t r a i n - g a u g e  s e n s o r s  w o u l d  h a v e  a l l o w e d  
t h e  a c q u i s i t i o n  o f  b o t h  s t e a d y  a n d  u n s t e a d y  d a t a ,  t h e i r  we l l -  
known p h y s i c a l  d e l i c a c y  a n d  t h e i r  s e n s i t i v i t y  t o w a r d s  t e m p e r a t u r e  
c h a n g e s   d i s q u a l i f i e d  them f o r   t h e   e n v i s i o n e d   p u r p o s e .  We t h e r e -  
f o r e  d e v e l o p e d  a n d  f a b r i c a t e d  s p e c i a l  d i f f e r e n t i a l - p r e s s u r e  
p i e z o - e l e c t r i c  microphones* t h a t  w e r e  i n s e r t e d  i n t o  t h e  b l a d e  
p rope r ;   t hey   measu red  t h e  l o c a l  d i f f e r e n t i a l  p r e s s u r e ,  w h i c h  i s  
p r o p o r t i o n a l   t o  t h e  l o c a l   f o r c e .   T h u s ,   s t e a d y   f o r c e s   c o u l d   n o t  
be   measu red ;   however ,   t he   ma jo r   ob jec t ive   o f  t h e  r e sea rch   p rog ram 
was t h e  s t u d y  o f  u n s t e a d y  f o r c e s  o n  rotor blades  i n  a wide f r e -  
q u e n c y  r a n g e  a n d  a c q u i s i t i o n  o f  s t e a d y - f o r c e  d a t a  was not   con-  
s i d e r e d  i n  t h e  c o n t e x t  o f  t h e  p r e s e n t  s t u d y .  
C .  T e s t  S e t - u p  
1. R o t o r  
F i g u r e  l l a  shows t h e  b a s i c   r o t o r   c o n f i g u r a t i o n .  One r o t o r  
b l a d e  i s  a t t a c h e d  to a hol low  experimental   hub.   Depending  on 
t h e  t e s t  r e q u i r e m e n t s ,  u p  t o  n i n e  a d d i t i o n a l  r o t o r  b l a d e s  c o u l d  
b e  a t t a c h e d   t o   t h e   h u b .  To a v o i d  t h e  m e c h a n i c a l   a n d   e l e c t r i c a l  
p r o b l e m s   a s s o c i a t e d  w i t h  s l i p r i n g s ,  we u s e d  t e l e m e t r y ?  t o  t r a n s -  
m i t  t h e  s i g n a l s  f r o m  t h e  r o t a t i n g  b l ade  t o  t h e  s t a t i o n a r y  r e c o r d -  
i n g   a n d   a n a l y z i n g   e q u i p m e n t .   I n s i d e   t h e   h u b   ( F i g .  l l b )  i s  t h e  
FM t r a n s m i t t e r  as wel l  as p o w e r  s u p p l i e s  f o r  t h e  t r a n s m i t t e r  a n d  
f o r  t h e  b lade-mounted   sensors .  
* C o n s i d e r a t i o n s  c o n c e r n i n g  t h e  d e v e l o p m e n t  o f  t h e  d i f f e r e n t i a l  
p r e s s u r e  s e n s o r  a n d  s p e c i f i c a t i o n s  a re  p r e s e n t e d .  i n  A p p e n d i x  D .  
S p e c i f i c a t i o n s  o f  t h e  BBN FM t r a n s m i t t e r  a r e  p r e s e n t e d  i n  
Appendix E .  
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The  hub i s  c o n n e c t e d  t o  a va r i ab le - speed  moto r  t h a t  a l l o w s  
r o t a t i o n a l   s p e e d s  up t o  4000  rpm. Access ib l e   f rom the  o u t s i d e  
are s w i t c h e s  a n d  a c o n n e c t o r  b r i d g e ,  a t  w h i c h  i n d i v i d u a l  s e n s o r s  
can  be c o n n e c t e d  t o  t h e  t r a n s m i t t e r .  
2. I n s t r u m e n t e d  b l a d e  
The  b lade  ( N A C A  6409 p r o f i l e )  h a d . a  2 . 8 2 - i n .  s p a n  a n d  1 . 4 7 5 - i n .  
chord.  T w i s t  a n g l e   f r o m   r o o t   t o   t i p   c h a n g e d  by 20° .   S ince  t h i s  
b l a d e  was d e s i g n e d  t o  o p e r a t e  i n  a compressor  w i t h  a hub  d i ame te r  
o f  abou t  2 f t ,  u s i n g  t h e  b l a d e  o n  a hub of  on ly  6- in .  d iameter  
r e s u l t e d   e s s e n t i a l l y   i n   a n   " o f f - d e s i g n "   o p e r a t i o n .  However, t h i s  
f a c t  was n o t  c o n s i d e r e d  d e t r i m e n t a l  s i n c e  t he  b a s i c  r e l a t i o n s h i p  
b e t w e e n  f l u c t u a t i n g  f o r c e s  a n d  radiated sound was n o t  e x p e c t e d  
t o  depend   on   t he   b l ade   ope ra t ing  a t  a d e s i g n   c o n d i t i o n .   F i g u r e  
1 2  shows t h e  blade w i t h  s i x  s e n s o r s .  
3. S e n s o r s  
O f  t h e  s i x  s e n s o r s ,  f i v e  were d i f f e r e n t i a l - p r e s s u r e  s e n s o r s  
and  one a s i n g l e - s i d e d *   s e n s o r .   S e n s o r   d i a m e t e r  i s  0 . 2 5   i n . ,  
s e n s o r   t h i c k n e s s   0 . 1   i n .   E a c h   s e n s o r  has two   d i aphragms ,   f ac ing  
d i f f e r e n t  s ides  o f  t h e  b lade  ( F i g .   1 3 ) .  The  diaphragms are 
s u p p o r t e d  by p i e z o - e l e c t r i c  c r y s t a l s  whose  output i s  f e d  t o  a 
common i n t e r n a l  p r e a m p l i f i e r  t h a t  u s e s  a n  FET c i r c u i t  t o  c o n v e r t  
t h e  o r i g i n a l  h i g h - i m p e d a n c e  s i g n a l  i n t o  a low- impedance   s igna l .  
P o l a r i z a t i o n  o f  t h e  c r y s t a l s  i s  such  t h a t  t h e  s e n s o r  o u t p u t  i s  
p r o p o r t i o n a l  t o  t h e  p r e s s u r e  d i f f e r e n c e  ra ther  t h a n  t o  t h e  sum 
o f  t h e  p r e s s u r e s .  The s e n s o r s  were spaced  on t h e  blade as f a r  
a p a r t  as p o s s i b l e ,  w i t h i n  t h e  c o n s t r a i n t s  o f  t h e  blade s u r f a c e  
contour .   The   d iaphragms were covered  w i t h  an  RTV hea t -sh ie ld  
material  t h a t  was fa i red  t o  t h e  c o n t o u r  of  t h e  blade s u r f a c e .  
* I n  o r d e r  t o  i n t e r p r e t  c o r r e c t l y  t h e  s i g n a l s  of  t h e  d i f f e r e n t i a l  
s e n s o r ,  o n e  n e e d s  i n f o r m a t i o n  o n  t h e  a b s o l u t e  p r e s s u r e  o n  a t  
l e a s t  o n e  s ide  of  t h e  b l a d e ,  s i n c e  a s y s t e m a t i c  e r r o r  d e p e n d s  
on the  r a t i o  o f  d i f f e r e n t i a l  p r e s s u r e  t o  s i n g l e - s i d e d  p r e s s u r e ,  
as o u t l i n e d   i n   A p p e n d i x  F. S ince   on ly   o rde r -o f -magn i tude   i n -  
format ion  on  t h e  a b s o l u t e  p r e s s u r e  i s  n e c e s s a r y  t o  d e t e r m i n e  
t h e  c o r r e c t i o n  f a c t o r ,  o n e  s i n g l e - s i d e d  t r a n s d u c e r  was con- 
s idered t o  be s u f f i c i e n t .  
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4 .  D a t a   a c q u i s i t i o n  
Signals   coming  f rom each s e n s o r  are fed i n t o  t h e  (hub- 
i n t e r n a l )  t e l eme t ry  u n i t  a n d  t r a n s m i t t e d  t o  a c o m m e r c i a l  r e c e i v e r .  
The h u b - l o c a t e d  b r o a d c a s t i n g  a n t e n n a  i s  o f  c i r c u l a r  s h a p e  t o  
avoid   any   Doppler  e f f e c t s .  R e c e i v e r   r e s p o n s e  was changed   t o  be  
f l a t  o v e r  t h e  a u d i o - f r e q u e n c y   r a n g e .   T r a n s m i s s i o n   f r e q u e n c i e s  
v a r i e d  somewhat  depending  on t h e  s u p p l y  v o l t a g e  f o r  t he  t r a n s -  
mi t te r ,  b u t  were always w i t h i n  t h e  RF-bands (88 t o  1 0 4  MHz). 
S i g n a l s  were s t r o n g  e n o u g h  t o  o v e r r i d e  a n y  n e a r b y  r a d i o  s t a t i o n .  
S i g n a l s  were t h e n  f ed  e i t h e r  i n t o  a Genera l  Rad io  Real T i m e  
1/3 Octave Band A n a l y z e r  v i a  a GR-Sound L e v e l  Meter ( f o r  a m p l i f i -  
c a t i o n )  a n d  f u r t h e r  i n t o  a n  X-Y P l o t t e r  (BBN Model ~ o o ) ,  o r  i n t o  
a G e n e r a l  R a d i o  1 % - B a n d w i d t h  F i l t e r  a n d  t o  a General  Radio Level  
R e c o r d e r .   S i g n a l   t i m e - h i s t o r y   a n d   " i n s t a n t a n e o u s "   o n e - t h i r d  
o c t a v e   b a n d   s p e c t r a   c o u l d  be  obse rved   on   o sc i l l o scopes ,   one  a f t e r  
t h e  r e c e i v e r ,   o n e   b e f o r e  t h e  X-Y P l o t t e r .   F i g u r e  14 p r e s e n t s  a 
schemat i c  o f  t h e  data  a c q u i s i t i o n  system. 
The o u t p u t  o f  t h e  Real Time Analyzer  i s  a o n e - t h i r d  o c t a v e  
band  spectrum  of t h e  l o c a l  d i f f e r e n t i a l  p r e s s u r e ,  i n t e g r a t e d  
o v e r  t h e  t r a n s d u c e r   s u r f a c e .   S i n c e  t h e  ampl i tude  o f  t h e  s i g n a l  
f l u c t u a t e d  s u b s t a n t i a l l y  a t  low f r e q u e n c i e s ,  a 1 6 - s e c - i n t e g r a t i o n  
time was c o n s i d e r e d   n e c e s s a r y  t o  a v e r a g e   s u c h   f l u c t u a t i o n s .   F o r  
t h e  n a r r o w b a n d  a n a l y s i s  ( u s i n g  t h e  1% GR a n a l y z e r ) ,  t h e  d i f f e r -  
e n t i a l  p r e s s u r e  s i g n a l  a t  f r e q u e n c i e s  o f  i n t e r e s t  was averaged  
by  hand  from a time h i s t o r y  t r a c e  o v e r  s e v e r a l  s e c o n d s .  
S i n c e  d i . f f e r e n t i a 1  p r e s s u r e  i s  measured as f o r c e  p e r  u n i t  
area,  f o r c e s  c a n  be c o m p u t e d   b y   r e f e r e n c e   t o   a n   a p p r o p r i a t e  
area. We w i l l  see  l a t e r  on t h a t  a s ses smen t   o f  t h e  e f f e c t i v e  
area is  somewhat s p e c u l a t i v e  b e c a u s e  d i f f e r e n t i a l - p r e s s u r e  
s p e c t r a  on a blade v a r y  s i g n i f i c a n t l y  f r o m  l o c a t i o n  t o  l o c a t i o n .  
A l s o ,   q u e s t i o n s  of f o r c e - f i e l d  c o h e r e n c e  a t  h i g h  f r e q u e n c i e s  
e n t e r  t h e  problem. 
5 .  T e s t  room 
The r o t o r  assemblJr was loca ted  downst ream of  t h e  e x h a u s t  
open ing   o f  BBN's o p e n - j e t ,   q u i e t   w i n d   t u n n e l   ( F i g .  15 ) .  ( T h i s  
f low f a c i l i t y  i s  l o c a t e d  i n  a r e v e r b e r a n t  room s o  t h a t  d i f f u s e  
f i e l d  sound  power  measurements  can be o b t a i n e d . )   T h u s ,  e i t h e r  
flow cou ld  be superimposed on t h e  m o t o r - d r i v e n  r o t o r ,  o r  t h e  
r o t o r   c o u l d  b e  d r i v e n  by t h e  airstream. Acous t i c  da ta  were ob- 
t a i n e d  t h r o u g h  a B&K 1 - i n .  diameter microphone t h a t  was moved 
around in the reverberant room during the integration time of 
the Real Time Analyzer to improve spatial averaging. Sound pres- 
sure levels were then converted into sound  power levels, using 
standard techniques. 
6 .  Tes t   p rocedure  
Before each test, the transmission frequency was adjusted 
to  the best signal strength. Thereafter, all transducers were 
calibrated with a pistonphone. Electronic and  acoustic noise 
floors were frequently determined. For a given operational 
condition, differential pressure spectra from each sensor were 
measured, and the acoustic power spectrum determined. Data 
reduction procedures will be discussed in the following sections. 
D .  R e s u l t s  
1. D i s c r e t e   f r e q u e n c y   i n v e s t i g a t i o n  
Loading  and  Radiation  Parameters 
Before we present  any experimental data, we recapitulate 
the important parameters for the analysis of discrete-frequency 
loading and  sound radiation. 
The loading of a rotor due to the periodic  wake  field of 
an  upstream  multibladed stator is characterized by the source 
input  harmonic X, equal to kV, where k - the  order of the input 
harmonic - is  an integer and V is the number of stator blades. 
A thus determines the loading harmonic for  each rotor blade. 
Sound radiation from the rotor is  related  to the sound 
harmonic number n, equal to mB, where m - the order of the 
sound  harmonic - is an integer and B is the number of rotor 
blades.  Sound radiation at the blade  passage  frequency  is 
determined by m = 1. 
The two  most  important parameters for the  sound radiation 
are (1) the  frequency parameter nM = mE3 M, where M is the 
rotational Mach number R/c, and (2) the modal order 1-1 = ImB - kVI. 
The dimensionless quantities TI, T2 and T3 of the analyses 
presented in Chapter I1 were plotted as functions of these two 
parameters. 
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For t h e  c a s e  o f  a ro to r  downs t r eam of  a m u l t i b l a d e d  s t a t o r ,  
e a c h  r o t o r  b l a d e  i s  s u b j e c t e d  to kV l oad ing  ha rmon ic  impu l ses  
p e r   r e v o l u t i o n .   E a c h  time a rotor b l a d e  i s  i n  l i n e  w i t h  a s t a t o r  
blade ( r o u g h l y   s p e a k i n g ) ,  a ( a c o u s t i c )   p r e s s u r e   p u l s e  i s  e m i t t e d  
of a f r equency  mB ( the   sound  harmonic   number) .  The speed  w i t h  
w h i c h  t h e  p r e s s u r e  p u l s e  t r a v e l s  a r o u n d  t h e  blade . r ing  depends  
on t h e  number of r o t o r  a n d  s t a t o r  b l a d e s  a n d  o n  t h e  r o t a t i o n a l  
speed ;  t h i s  phase   speed  i s  g i v e n  by 
where S2 i s  t h e  a n g u l a r   v e l o c i t y .   O n l y  when t h e  phase   speed  i s  
s u p e r s o n i c  c a n  s o u n d  t r a v e l  away from t h e  s o u r c e  r e g i o n ;  o t h e r -  
wise t h e  r o t o r / s t a t o r  c o n f i g u r a t i o n  r e p r e s e n t s  a v e r y  i n e f f i c i e n t  
r a d i a t o r .   T h e o r e t i c a l l y ,   s u b s o n i c   p h a s e   v e l o c i t y   i n  a compressor  
r e s u l t s   i n   z e r o   s o u n d   o u t p u t .   I n  r e a l  compresso r s ,  t h e r e  i s  
s o u n d   r a d i a t i o n ,   b u t  i t  i s  ex t r eme ly  small. 
Data  Presentation 
I n  t h i s  s e c t i o n  we d e s c r i b e  e x p e r i m e n t a l  r e s u l t s  p e r t a i n i n g  
t o  t h e  measu remen t   o f   (d i sc re t e )   l oad ing   ha rmon ics  on t h e  r o t o r  
due t o  t h e  p e r i o d i c  s t a t o r  wake.  The r o t o r  was d r i v e n  by t h e  
a i r  f l o w   a n d   t h u s   o p e r a t e d   i n  a " t u r b i n e  mode", r a t h e r  t h a n  as a 
compressor .  The c o n f i g u r a t i o n  was no t   sh rouded* ,  s o  t h a t  sound 
rad ia ted  u n o b s t r u c t e d  i n t o  t h e  f r e e - f i e l d  e n v i r o n m e n t .  
The c o n f i g u r a t i o n  i s  shown i n  t h e  pho tograph   (F ig .  1 6 ) ;  t h e  
rotor has 1 0  b lades  and t h e  ( u p s t r e a m )  s t a t o r  has 9 b l a d e s .  
By a d j u s t i n g  t h e  s p e e d  o f  t h e  a i r  f low t h a t  d rove  t h e  r o t o r ,  
v a r i o u s  r o t a t i o n a l  s p e e d s  w e r e  o b t a i n e d ,  i n  p a r t i c u l a r ,  1 5 2 0  rpm 
( 2 5 . 3  r p s ) ,  2 2 6 0  rpm (37 .7   rps ) ,   and   3000 rpm ( 5 0  r p s ) .  
T a b l e  111 l i s t s  f o r  t h e s e  r o t a t i o n a l  s p e e d s ,  (1) t h e  phase  
speed  o f  t h e  s o u r c e  p a t t e r n  f o r  v a r i o u s  c o m b i n a t i o n s  o f  m and k ,  
( 2 )  t h e   l o a d i n g   h a r m o n i c   o r d e r ,  X = kV,  and t h e  load ing   ha rmon ic  
f requency ,   and  ( 3 )  t h e  sound  harmonic  number n = mB, r a d i a t i o n  
modal   o rder  1-1 = ImB-kVI, a n d   t h e   r a d i a t i o n   f r e q u e n c y .  
* J u s t i f i c a t i o n  f o r  s t u d y i n g  a n  u n s h r o u d e d  ' ' c o m p r e s s o r ' t  i s  t h a t  
many c u r r e n t  j e t  e n g i n e s  h a v e  d u c t  l e n g t h s  o.f l e s s  t h a n  a 
d i a m e t e r ,  s o  t h a t  d u c t  e f f e c t s  w o u l d  p l a y  a m i n o r  r o l e .  
TABLE 111: C O M P R E S S O R  LOADING A N D  R A D I A T I O N  P A R A M E T E R S  
W 
v3 
O r d e r  o f  
Compresso r  
Sound 
Harmon i  c 
L 
O r d e r  O f  
mBO H a r m o n i c  
( f t / s e c )  
L o a d i n g  Phase  Speed 
L o a d i n g  
S o u r c e  
I n p u t  
Sound 
Harmonic 
Number F r e q u e n c y  
Harmon i  c Harmonic 
O r d e r  kVO/2rR 
k n=mB ( H z )  X=kV I-iiTEVT 
I Rev/Sec I I Rev/Sec I 
1 2 5 . 3 1 3 7 . 7  I 5 0  I 125.3   137.7  I 5 0  I 
1 1 4 5  216  285 9 230  340  450 20 
2 1 0 0  1 5 0   2 0 0  1 8  460   680   900  10  
2 800 1 2 0 0  1570 1 8  460  680  930  20
2 I 2001  3 0 I 4 0 0 1  18 I 4 6 0  
3 690 27 1 5 7 0  1 2 0 0  800 
~ 340  450  30
~ 680  900  30  
1 0 2 0  
30 1350  1 0 0 0  
20 1 3 5 0  1 0 2 0  
1 0  1 3 5 0  
Modal R a d i a t i o n  Order for 
R a d i a t i o n  F r e q u e n c y  
p=ln-XI = rnBi2/2.rrR 
ImB-kV 1 (Hz  1 
~~~ ___ ~~ 
Rev/Sec 
~ ~~ ~~ 
2 1  759 1 1 3 1  1500  
1 2  759 
500 377 2 5 3  1 7  
1 5 0 0  1 1 3 1  
7 1000  754 5 0 6  
3 I 7591 1 1 3 1  I 1 5 0 0  
S u p e r s o n i c  p h a s e  s p e e d s  f o r  t h i s  p a r t i c u l a r  r o t o r / s t a t o r  
c o n f i g u r a t i o n  o c c u r r e d  o n l y  at t h e  two h igher  r o t a t i o n a l  s p e e d s  
a n d   o n l y - w h e n  t h e  o r d e r s  o f  s o u r c e  i n p u t  h a r m o n i c  a n d  s o u n d  
ha rmon ics ,  m and  k ,  were e q u a l .  Any o t h e r   c o m b i n a t i o n   o f  m and 
k r e s u l t s  i n  a ve ry   l ow  subson ic   phase   speed .  
Nar rowband   spec t r a  (1% bandwid th )  were o b t a i n e d  f r o m  e a c h  
b lade  s e n s o r   f o r  t h e  t h r e e  RPMs l i s t e d  a b o v e .   S i m u l t a n e o u s l y ,  
n a r r o w b a n d  p r e s s u r e - l e v e l  s p e c t r a  o f  t h e  r a d i a t e d  s o u n d  f r o m  t h e  
r o t o r  were measured .  A s e t  o f   r e p r e s e n t a t i v e   t r a c e s   i n   t h e  
f r e q u e n c y   r a n g e   c o v e r i n g  t h e  f i r s t  few i n p u t   h a r m o n i c   f r e q u e n c i e s  
a n d   s o u n d   r a d i a t i o n   f r e q u e n c i e s  i s  shown i n   F i g .  17. R o t a t i o n a l  
s p e e d  was 3 0 0 0  rpm, t h e   h i g h e s t  rpm t h a t  was t e s t e d .  The toD 
t w o  t r a c e s  r e p r e s e n t  f l u c t u a t i n g  d i f f e r e n t i a l  p r e s s u r e  s p e c t r a  
o b t a i n e d   f r o m   s e n s o r  #1 ( t i p  l o c a t i o n  n e a r  t r a i l i n g  e d g e )  a n d  
s e n s o r  #6 ( r o o t   l o c a t i o n ,   n e a r   l e a d i n g   e d g e ) .  T h e r e  was more 
b r o a d b a n d   " n o i s e "   a v a i l a b l e  a t  t h e  b l ade  t i p  l o c a t i o n  ( u p p e r  
t r a c e )  t h a n  a t  t h e  r o o t   o f   t h e  b lade  ( l o w e r  t r a c e ) ,  i n d i c a t i n g  
t h a t  h i g h e r  r a n d o m  f o r c e s  - p e r h a p s  d u e  t o  v o r t e x  s h e d d i n g  - 
w e r e   a c t i n g   o n   t h e   t i p   t h a n  on t h e  r o o t .  The d i s c r e t e   p e a k s  a t  
460 Hz, 930 Hz, and 1380 Hz c o r r e s p o n d   a p p r o x i m a t e l y   t o   l o a d i n g  
h a r m o n i c   o r d e r s  X o f  9, 18,  and  27. The p e a k s   i n  t h e  sound 
p r e s s u r e   l e v e l   s p e c t r u m  a t  5 0 0 ,  1 0 0 0 ,  1500, and 2 0 0 0  Hz c o r r e -  
spond  to   sound  harmonic  numbers  n of 1 0 ,  20, 3 0 ,  and  40. 
These  r a d i a t i o n  a n d  l o a d i n g  h a r m o n i c s  c o r r e s p o n d  t o  c o m b i -  
n a t i o n s   o f   s o u n d   r a d i a t i o n   a n d   s o u r c e   i n p u t   h a r m o n i c   o r d e r s  
m = k = 1, m = k = 2 ,  and  m = k = 3 ,  f o r   w h i c h   p h a s e   s p e e d s  a re  
a maximum, as e v i d e n t   f r o m   T a b l e  111. Other  l i s t e d  c o m b i n a t i o n s  
of m and k l e a d  t o  much l o w e r  p h a s e  s p e e d s ,  w e l l  b e l o w  s o n i c  
speeds ,   and  w i l l  n o t  b e  c o n s i d e r e d  f u r t h e r ,  s i n c e  s o u n d  r a d i a t i o n  
a t  c o r r e s p o n d i n g  f r e q u e n c i e s  s h o u l d  be and  was o b s e r v e d  t o  b e  
minimum. A l s o ,  from t h e  T a b l e ,   o n e   s h o u l d   e x p e c t   e f f i c i e n t  
s o u n d   r a d i a t i o n   f o r   m o d a l   o r d e r s   o f  1, 2 ,  and  3 o n l y  f o r  t h e  
two h i g h e r  RPMs, s i n c e   t h e   l o w e s t   o n e  a l w a y s  r e s u l t s  i n  p h a s e  
s p e e d s   b e l o w   s o n i c .  T h i s  i s  c o n f i r m e d   i n   F i g .  1 8 ,  where t h e  
p o w e r  l e v e l s  o f  t h e  d i s c r e t e  s o u n d  r a d i a t i o n  f r o m  t h e  s t a t o r /  
r o t o r  c o n f i g u r a t i o n  a t  s e v e r a l  r o t a t i o n a l  s p e e d s *  a re  p l o t t e d ,  
f o r   r a d i a t i o n  moda l   o rde r s  1~ or 1, 2 ,  and  3. The f i g u r e   i n d i c a t e s  
t h e   r e g i o n   o f   s u b s o n i c   p h a s e   s p e e d   f o r   e a c h   m o d a l   o r d e r .   C l e a r l y ,  
t h e  power l e v e l  i n c r e a s e s  d r a s t i c a l l y  as t h e  p h a s e  s p e e d  i n c r e a s e s  
( t o w a r d s  t h e  r i g h t  i n  F i g .  1 8 )  f o r  a p a r t i c u l a r  m o d a l  o r d e r .  
* Not a l l  of  which a r e  l i s t e d  i n  T a b l e  111. 
4 0  
From t r a c e s  similar to t h o s e  shown i n  F i g .  1 7 ,  t h e  d i s c r e t e  
h a r m o n i c - l o a d i n g  l e v e l s  ( i n  terms o f  d i f f e r e n t i a l  p r e s s u r e  
l e v e l s )  a t  v a r i o u s  l o c a t i o n s  o n  t h e  b l a d e  were de termined .  
T a b l e  I V  p r e s e n t s  t h e  d i f f e r e n t i a l  p r e s s u r e  l e v e l s  i n  dB re la-  
t i v e  t o  0.0002 pbar ,  a t  load ing   ha rmon ic   o rde r s  X = 9 ,  18, and 
27 f o r  f o u r  s e n s o r s .  The l a t t e r  o n e s  c a n  b e  r e l a t e d  t o  t he  
r a d i a t i o n  a t  corresponding  sound  harmonic  numbers n = 1 0 ,  2 0 ,  
and 3 0 .  The d i f f e r e n t i a l   p r e s s u r e   l e v e l s   o b s e r v e d  a t  t h e  f o u r  
s e n s o r  l o c a t i o n s  were a v e r a g e d  t o g e t h e r  u n d e r  t h e  a s s u m p t i o n  o f  
f u l l  c o h e r e n c e  o f  t h e  f o r c e  f i e l d  o n  t h e  blade and p l o t t e d  v e r s u s  
load ing   ha rmon ic   f r equency   i n   F ig .  1 9 .  To a r r i v e  a t  t h e  t o t a l  
f o r c e ,  the  f o r c e  p e r  u n i t  area was m u l t i p l i e d  b y  t h e  t o t a l  b lade 
area ( 2 6  cm) ,  aga in  a s suming  fu l l  cohe rence  o f  t h e  f o r c e  f i e l d  
ove r  t he  e n t i r e  blade area - an  assumpt ion  t h a t  i s  v e r y  l i k e l y  
n o t  t r u e  a t  h igher  f r e q u e n c i e s ,  where t h e  hydrodynamic  wavelength 
becomes smaller t h a n   t y p i c a l   b l a d e   d i m e n s i o n s .  The radiated 
power i n  the  nth  sound  harmonic  due to t h e  Xth harmonic  source  
i n p u t  i s  g i v e n  by (see Tab le  11) 
where T1 was d e f i n e d  i n  t h e  p r e v i o u s  c h a p t e r .  
TX i s  t h e  t o t a l  f o r c e  on t h e  blade d u e  t o  t h e  l o a d i n g  har- 
monic   o f   o rder  X i n  t h e  " t h r u s t  d i r e c t i o n " .  
Assuming tha t  T = D ,  o r  T/D = 1, and t h a t  t h e  f l u c t u a t i n g  
f o r c e  v e c t o r  acted a t  r i g h t  a n g l e s  o n  t h e  b lade ,  T (and  hence D )  
was assumed to be about  70% o f  t h e  m e a s u r e d  t o t a l  f o r c e  on t h e  
b l a d e .  
Tab le  V summarizes t h e  r e s u l t s  f o r  t h e  t o n e  r a d i a t i o n  d u e  
to harmonic  loads on t h e   r o t o r .   R e s u l t s  are  p r e s e n t e d   f o r  t h e  
th ree  r o t a t i o n a l   s p e e d s  t h a t  were t e s t e d .  I n   t h e  l a s t  column, 
measured  sound  power  l.eve1s a t  t he  sound  harmonic  number  and 
t h o s e  p r e d i c t e d  u s i n g  the m e a s u r e d  a v e r a g e  t o t a l  f o r c e  a t  t h e  
c o r r e s p o n d i n g  h a r m o n i c  l o a d i n g  f r e q u e n c i e s  are compared. 
The  agreement i s  a c c e p t a b l e ,  a l t h o u g h  the re  seems to be a 
t r e n d  o f  o v e r - p r e d i c t i n g  l e v e l s  a t  low r o t a t i o n a l  s p e e d s  a n d  
u n d e r - p r e d i c t i n g   l e v e l s  a t  h i g h  speeds .  However, a t  low r o t a -  
t i o n a l  s p e e d s ,  the  phase   speed  was subsonic   and  hence t h e  e f f i -  
c i e n c y  o f  r a d i a t i o n  was q u i t e  small. A t  t h e  h i g h e r  r o t a t i o n a l  
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TABLE IV: DIFFERENTIAL P R E S S U R E  LEVELS I N  dB r e  2 x p B A R  F R O M  V A R I O U S  
S E N S O R S  O N  O N E  BLADE, WHEN THE TEN-BLADED ROTOR ROTATES DOWNSTREAM 
OF A NINE-BLADED  STATOR. 
R P M / r p s   L o a d i n g  
H a r m o n  i c 
O r d e r  
1 
! I I i 
L o a d i n g  I D i f f e r e n t i a l   P b r e s s u r e   L e v e l  H a r m o n i c  dB r e  2 x 1 0 -  1-1 b a r  
F r e q u e n c y  
( H z )  1- a; Se,nso; N O .  I 5  1 6  
2 3 0  
4 6 0  
6 9 0  
3 4 5  
* / .  
1190 
1 1 3  
* / .  
1 0 9  
9 2  
* / .  
- / .  
4 6 5  
1 1 4  * / .  ' / .  * / .  1400 
117 * / .  ' / .  11 8 930  
1 2 3  1 1 8  ' / .  1 2 4  
' / .  no data  obtained 
T A B L E  V :  M E A S U R E D  A N D  P R E D I C T E D  SOUND P O W E R  L E V E L  RADIATION OF 
M O D A L  O R D E R  1-1 D U E  TO L O A D I N G  H A R M O N I C  O R D E R  A FOR D/T = 1 
Moda 1 










~~~~~~ ~~ ~~ ~ ~ ~ 
Total  Force 
~~ 
Frequency 
( dyn/cm2 1 nM 
Uni t Area Parameter 
Per S o u n d  Power Level ,  
dB r e  w a t t  
meas. /pred.  
I 
~~ 
Rev/Sec I Rev/Sec I Rev/Sec I 
I I 
2 5 . 3   3 7 . 7  50 1 2 5 . 3   3 7 . 7  50 I 2 5 . 3  I 3 7 . 7  I 50 
* n o  sound  measurements  obtained 
** n o  force  measurements   obtained 
s p e e d s ,  there  was p r o b a b l y  some i n t e r a c t i o n  o f  t h e  p o t e n t i a l  
f i e l d  a r o u n d  t h e  r o t o r  w i t h  t h e  u p s t r e a m  s t a t o r  t h a t  g e n e r a t e d  
a d d i t i o n a l  s o u n d  w h i c h  c a n n o t  be r e l a t e d  t o  f o r c e s  o n  t h e  rotor. 
Also ,  D and T were p robab ly  no t  e ' qua l  as assumed i n  i n t e r p r e t i n g  
t h e  d a t a .  
2 .  B r o a d b a n d   i v e s t i g a t i o n  
I n t r o d u c t i o n  
I n  t h e  f o l l o w i n g ,  o n e - t h i r d  o c t a v e  b a n d  s p e c t r a  - b o t h  f o r  
r o t o r  blade f o r c e s  a n d  r a d i a t e d  sound - w i l l  b e  p r e s e n t e d  f o r  
a v a r i e t y  o f  c o n f i g u r a t i o n s  a n d  d i s c u s s e d  i n  a more  gene ra l  way. 
T a b l e  V I  l i s t s  t h e  f i v e  e x p e r i m e n t a l  c o n f i g u r a t i o n s  t h a t  
were t e s t e d .  I n  a l l  c a s e s ,   r o t o r  b l ade  a n d   s t a t o r   b l a d e   a n g l e s  
were i d e n t i c a l  - 79" a t  the  t i p  and 53O a t  t h e  r o o t  f o r  t h e  
b l a d e  w i t h  r e s p e c t  t o  t h e  a x i s  - t h e  concave s i d e  of  t h e  r o t o r  
b l ade  faced  downstream,  and t h e  u p s t r e a m  s t a t o r  b l a d e s  w e r e  
o r i e n t e d  s o  t ha t  t h e i r  mean chord  was p a r a l l e l  t o  t h e  r o t o r  a x i s .  
T A B L E   V I :   X P E R I M E N T A L   C O N F I G U R A T I O N S  
- 
B V IJ ( f t / s e c )  R PM 
1 0 0 2000,  300 , 4 0 0 0  d r i v e n  
1 0 70  2000,  3 0 ,  450 by  
10 0 0 2000, 3000 motor 
10 0 7 0  2400  d r i v e n  
10 9 70 2 1 0 0  a i r f l o w  
by 
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I n  T a b l e  V I  B i s  the  number  o f  ro to r  b l ades  and  V t h e  number 
of s t a t o r  b l a d e s ;  U i s  t h e  speed  o f  t h e  superimposed  f low  f rom 
t h e  t u n n e l  o r i f i c e .  V = 0 i n d i c a t e s  t he  absence   o f  t he  s t a t o r .  
RPM i s  t h e  r o t a t i o n a l  r a t e  wi th  which  t h e  r o t o r  was d r i v e n  b y  t h e  
motor or w i t h  w h i c h  t h e  r o t o r  s p u n  b e c a u s e  o f  s u p e r i m p o s e d  f l o w ;  
i n  th i s  l a t t e r  c a s e ,  the  r o t o r  was n o t  d r i v e n  by  t h e  m o t o r .  
Data  Presentation  and  Discussion 
F o r  e a c h  e x p e r i m e n t a l  c o n f i g u r a t i o n ,  o n e - t h i r d  o c t a v e  b a n d  
s p e c t r a  were o b t a i n e d   f r o m   s e n s o r s *  1, 2 ,  4 ,  5 ,  and 6 ,  a l l  o f  
which are d i f f e r e n t i a l - p r e s s u r e   s e n s o r s .   F r e q u e n t l y ,  t he re  was 
a s u b s t a n t i a l  v a r i a t i o n  i n  d i f f e r e n t i a l  p r e s s u r e  l e v e l s  (DPL) 
o v e r  t h e  b l a d e ,  i n d i c a t i n g  t h a t  f l o w  o v e r  t h e  blade was nonuniform 
w i t h   a t t a c h e d  o r  s e p a r a t e d  f i e l d s .  F i g u r e  2 0  i s  an  example  of  a 
l a r g e  v a r i a t i o n  i n  DPL s p e c t r a :  DP l e v e l s   v a r y  as much as 1 5  dB 
o v e r  t h e  b l a d e .  Here t h e  s i n g l e - b l a d e d   r o t o r  was d r i v e n  by t h e  
mot or. 
F i g u r e  2 1  shows a c a s e  o f  DPL v a r i a t i o n  t h a t  i s  r e l a t i v e l y  
small ( o n  t h e  o r d e r  o f  3 d B ) ,  e s p e c i a l l y  a t  h i g h e r  f r e q u e n c i e s .  
Here,  the  10-bladed r o t o r  was d r i v e n  by t h e  a i r f l o w  a t  a r o t a t i o n a l  
speed  of  2 4 0 0  rpm. It i s  b e l i e v e d  t ha t  t h e  amount  of v a r i a t i o n  
b e t w e e n  i n d i v i d u a l  DPL s p e c t r a  on t h e  b l a d e  i s  a measure  of  how 
f a r  o f f - d e s i g n  t h e  b l ade  o p e r a t e s  u n d e r  a p a r t i c u l a r  e x p e r i m e n t a l  
c o n d i t i o n .   L a r g e s t   " s c a t t e r "  was a l w a y s  observed  when t h e  r o t o r  
was d r i v e n  b y  t h e  motor;  data  s p r e a d  was s u b s t a n t i a l l y  r e d u c e d  
when t h e  r o t o r  was d r i v e n  by t h e  a i r f l o w  i n  w h i c h  c a s e s  t h e  r o t o r  
s e l e c t e d  the  a p p r o p r i a t e  r o t a t i o n a l  s p e e d  c o r r e s p o n d i n g  t o  a 
" d e s i g n  s i t u a t i o n " .  
For  data i n t e r p r e t a t i o n ,  a l l  f i v e  DPL s p e c t r a  w e r e  a v e r a g e d  
o v e r  t h e  blade s u r f a c e  u n d e r  t h e  a s s u m p t i o n  o f  f u l l  c o h e r e n c e  o f  
t h e   d i f f e r e n t i a l   p r e s s u r e  f i e l d :  t h u s ,  
i 
20 l o g  { [  1 A p i ( f ) ] / n )  was d e t e r m i n e d   i n   e a c h   c a s e   a n d   p l o t t e d  
i=l 
v e r s u s  t h e  o n e - t h i r d  o c t a v e  b a n d  c e n t e r  f r e q u e n c y  f ;  here  Api ( f )  
i s  t h e  d i f f e r e n t i a l  p r e s s u r e  m e a s u r e d  t h r o u g h  s e n s o r  i a t  t h e  
f r e q u e n c y  f and n i s  the  number of  s e n s o r s .  A l l  DPL s p e c t r a  
shown i n  F i g s .  2 2  t h r o u g h  26 were o b t a i n e d  i n  t h i s  manner. 
* S e n s o r s  2 ,  4 ,  and 6 were c l o s e  t o  t h e  l e a d i n g   e d g e ,   a n d   s e n s o r s  
1, 3, and 5 c l o s e  t o  t h e  t r a i l i n g  e d g e ,  g o i n g  f r o m  t i p  t o  r o o t .  
Sensor  3 was t h e  s i n g l e - s i d e d  s e n s o r .  
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To c o n v e r t  t h e  a v e r a g e d  d i f f e r e n t i a l  p r e s s u r e  s p e c t r a  i n t o  
f o r c e  s p e c t r a ,  t h e y  were m u l t i p l i e d  w i t h  t h e  t o t a l *  b l a d e  area A ;  
t h u s ,  " f u l l y  c o h e r e n t "  f o r c e  s p e c t r a  were o b t a i n e d  by p l o t t i n g  
i 
i=l 
1 0  l o g  { [  1 A p i ( f ) l A / n )   v e r s u s   o n e - t h i r d   o c t a v e   b a n d   c e n t e r  
f r e q u e n c y .  
F o r c e - l e v e l  s p e c t r a  were t h e n  c o n v e r t e d  i n t o  s o u n d  p o w e r  
l e v e l  s p e c t r a  ( u s i n g  t h e  a n a l y t i c a l  e x p r e s s i o n  f o r  f r ee - f i e ld  
d i p o l e  r a d i a t i o n  - T a b l e  I )  and  compared t o  measured  sound  power 
l e v e l  s p e c t r a .  
One of  t h e  s h o r t c o m i n g s  o f  t h e  e x p e r i m e n t a l  t e c h n i q u e  i s  
t h e  l i m i t e d  number  of DP s e n s o r s  t h a t  c o u l d  b e . p l a c e d  o n  t h e  
blade.  A s  d i s c u s s e d   p r e v i o u s l y ,   v i t a l   i n f o r m a t i o n   n e a r   t h e  
l e a d i n g  a n d  t r a i l i n g  e d g e s  a n d  n e a r  t h e  b l a d e  t i p  c o u l d  n o t  be 
o b t a i n e d ,  s o  t h a t  c o n c l u s i o n s  o n  t h e  t o t a l  f l u c t u a t i n g  f o r c e  ( i n  
f requency   bands)   imposed  b y  t h e  b l a d e   o n t o  t h e  s u r r o u n d i n g  
medium  and radiated as sound are  somewhat s p e c u l a t i v e .  
I n  g e n e r a l ,  h o w e v e r ,  t h e  b e h a v i o r  o f  t h e  DPL s p e c t r a  i s  
r e f l e c t e d  i n  t h e  b e h a v i o r  o f  t h e  r a d i a t e d  s o u n d  p o w e r  l e v e l  (PWL) 
s p e c t r a ;   f - o r   e x a m p l e ,  i f  i n  a p a r t i c u l a r  e x p e r i m e n t a l  c o n f i g u r a -  
t i o n  t h e  d i f f e r e n t i a l  p r e s s u r e s  i n c r e a s e  when f low i s  s u p e r -  
imposed, t h e  r a d i a t e d   s o u n d   p o w e r   a l s o   i n c r e a s e s .  T h i s  b e h a v i o r  
c o n f i r m s  t h e  e x p e c t e d  i n t e r r e l a t i o n s h i p  o f  d i f f e r e n t i a l  p r e s s u r e s  
(or, e q u i v a l e n t l y ,   f o r c e s )   a n d  rad ia ted  sound.  
For  t h e  b r o a d b a n d  r a d i a t i o n ,  t h e  i s s u e   o f   p h a s e   s p e e d   d o e s  
n o t  e n t e r ,  s i n c e  t h e  e n t i r e  r o t o r  d i s k  or r o t o r / s t a t o r  c o n f i g u r a -  
t i o n  a c t s  as a b roadband   sou rce .  The f a c t   o f   r o t a t i o n  ( a t  l e a s t  
a t  t h o s e  r o t a t i o n a l  s p e e d s  i n v e s t i g a t e d ,  w h i c h  n e v e r  e x c e e d e d  a 
Mach number  of 0 . 2 5 )  i s  u n i m p o r t a n t   i n  t h i s  c o n t e x t .  
S i n c e  n o  i n f o r m a t i o n  o n  t h e  cohe rence   o f  t h e  f o r c e  f i e l d  on 
t h e  b l a d e  i s  a v a i l a b l e ,  t h e  totaZ b l a d e  area was u s e d   t o   c o n -  
v e r t   m e a s u r e d   p r e s s u r e   s p e c t r a   i n t o   f o r c e   s p e c t r a .  However, 
t h e  f o r c e  f i e l d  i s  l i k e l y  t o  l o s e  c o h e r e n c e  a t  h i g h e r  f r e -  
q u e n c i e s ;  i n  t h i s  c a s e ,  f o r c e s  c a n c e l  l o c a l l y  on t h e   b l a d e   a n d  
l e s s  sound i s  r a d i a t e d .   H e n c e ,   a n   i n d i r e c t   m e a s u r e   o f   t h e   c o -  
he rence   o f  t h e  f o r c e  f i e l d  o n  t h e  b l a d e  i s  t h e  d e v i a t i o n  o f  t h e  
predic ted  sound power  f rom the  measured  one .  
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F i g u r e s   2 2 a , b   t h r o u g h   2 6 a , b   p r e s e n t   t h e   r e s u l t s .   T h o s e  
f i g u r e s  d e n o m i n a t e d  w i t h  "a" p e r t a i n  t o  d i f f e r e n t i a l  p r e s s u r e  
measurements  on  the  b lade ,  t h o s e  w i t h  "b" compare  sound  power 
l e v e l s  p r e d i c t e d  f r o m  f o r c e  m e a s u r e m e n t s  w i t h  d i r e c t l y  m e a s u r e d  
sound power  leve ls .  
T h e  r e m a i n d e r  o f  t h i s  s e c t i o n  d i s c u s s e s  t h e  r e s u l t s  f o r  t h e  
f i v e  e x p e r i m e n t a l  c o n f i g u r a t i o n s .  
1. B = 1; V = 0 ;  U = 0 f t / s e c  
F igure  22a  shows DPL s p e c t r a  a n d  F i g .  22b PWL s p e c t r a  f o r  
2000,  3000,  and 4000 rpm. I n   t h i s   c a s e ,   t h e   s i n g l e   r o t o r  blade 
was d r i v e n  by t h e   m o t o r .  The DPL s p e c t r a  show the  bending  mode 
f r e q u e n c y  a t  400 Hz. The PWL s p e c t r a  e x h i b i t  a h a y s t a c k   s h a p e ,  
w i t h  p e a k s  i n  t h e  31.5 Hz, 5 0  Hz, and 63  Hz b a n d s ,   c o r r e s p o n d i n g  
t o  t h e  f u n d a m e n t a l  r o t a t i o n a l  f r e q u e n c i e s  o f  2 0 0 0 ,  3 0 0 0 ,  and 
4000 Hz. R a d i a t i o n  a t  t h e s e   f r e q u e n c i e s   r e s u l t s   f r o m   t h e  s teady  
f o r c e  f i e l d  (wh ich ,   o f   cou r se ,   canno t  be  measured w i t h  f Z u c t u a t i n g  
p r e s s u r e   s e n s o r s ) ;   h e n c e ,   n o   p r o n o u n c e d   p e a k s  a t  t h e s e  f r e q u e n c i e s  
a p p e a r   i n   t h e  DPL s p e c t r a .   F i g u r e  22b i n d i c a t e s   t h a t   b r o a d b a n d  
l e v e l s  were p r e d i c t e d  c o r r e t l y  i n  t h e  f r e q u e n c y  r a n g e  up t o  a b o u t  
400  Hz. Above 400  Hz, sound  power   l eve ls  a re  s u b s t a n t i a l l y   o v e r -  
p r e d i c t e d ,  i n d i c a t i n g  t h a t  a b o v e  t h i s  f r e q u e n c y   t h e   c o h e r e n c e   o f  
t h e  f o r c e  f i e l d  i s  s u b s t a n t i a l l y   r e d u c e d ,  s o  t h a t  f o r c e   c a n c e l l a -  
t i o n  on t h e  b l a d e  o c c u r s ,  r e s u l t i n g  i n  d e c r e a s e d  s o u n d  r a d i a t i o n .  
2. B = 1; V = 0; U = 70 f t / s e c  
F igures   23a   and   23b  show DPL and PWL s p e c t r a  f o r  t h e  s i n g l e  
r o t o r  b l a d e ;  t h e  r o t o r  was d r i v e n  b y  t h e  motor  a t  2000, 3 0 0 0 ,  and 
4000 rpm; b u t ,  i n  a d d i t i o n ,  f l o w  o f  7 0  f t / s e c  was super imposed .  
T h i s  s u p e r p o s i t i o n  o f  f l o w  c a u s e d  b o t h  t h e  DPL a n d  t h e  PWL s p e c t r a  
a t  2000  and 3 0 0 0  rpm t o  s h i f t  t o  h i g h e r  l e v e l s  - as compared t o  
t h e   c a s e   w i t h o u t   f l o w  (see  F i g s .  2 2 a  and 2 2 b ) .  T h i s  s h i f t   i n d i -  
c a t e s  some flow  phenomenon t h a t   c a u s e s   l a r g e r   ( r a n d o m )   f o r c e s   o n  
t h e  b l a d e  a n d  t h a t  c o n s e q u e n t l y  i n c r e a s e s  s o u n d  r a d i a t i o n .  
S u p e r p o s i t i o n  o f  f l o w  a p p a r e n t l y  i n c r e a s e s  t h e  c o h e r e n c e  o f  t h e  
f o r c e  f i e l d  beyond   f r equenc ie s   o f  400 Hz, s i n c e  l e v e l s  a r e  
c o r r e c t l y   p r e d i c t e d  up t o   a b o u t  1600 Hz ( F i g .  2 3 b ) .  Above 
1600 Hz, f o r c e   f i e l d   c o h e r e n c e   d e c r e a s e s .  The d e v i a t i o n   o f  
p r e d i c t e d  a n d  m e a s u r e d  l e v e l s  b e l o w  400 Hz h a s  t h e  same r e a s o n s  
as b e f o r e .  
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3. B = 1 0 ;  V = 0; U = 0 f t / s e c  
F i g u r e s  2 4 a  and 24b  show r e s u l t s  f o r  t h e  1 0 - b l a d e d  r o t o r  
o p e r a t i n g  i n  a " p r o p e l l e r  mode", ( i .  e . ,  w i t h o u t  s u p e r i m p o s e d  
f l o w )  a t  2000  and   3000  rpm.   Presumably   caused   by   insuf f ic ien t  
b a l a n c i n g  o f  t h e  1 0 - b l a d e d  r o t o r ,  s t r o n g  p e a k s  a p p e a r  a t  t h e  
s h a f t - r o t a t i o n a l  f r e q u e n c y  and m u l t i p l e s  o f  t h i s  f r e q u e n c y  
( 3 3  Hz, 66 Hz, 133 Hz f o r  2000  rpm,  and 50  Hz and  100 Hz f o r  
3000  rpm) i n  t h e  DPL data. F o r   b o t h   s p e e d s ,   t h e   b e n d i n g  mode 
f r e q u e n c y   o f   t h e  b lade  a t  400 Hz shows   c l ea r ly .   The  PWL s p e c t r a  
( F i g .   2 4 b )   e x h i b i t   s t r o n g   p e a k s  a t  ( a )  t h e   s h a f t   r o t a t i o n a l   f r e -  
q u e n c i e s  a n d  t h e i r  m u l t i p l e s ,  i n d u c e d  by t h e  s t e a d y  p r e s s u r e  
f i e l d ,  a n d  ( b )  a t  m u l t i p l e s   o f  1 0  ( t h e  number o f  b l a d e s )  o f  t h e  
r o t a t i o n a l   f r e q u e n c y  ( 3 3 3  Hz and 666 Hz f o r  2000  rpm,  and  500 Hz 
and 1000 Hz f o r  3000  rpm).  
On t h e  bas i s  o f  fo rces   measu red   on   one   b l ade ,   sound   power  
l e v e l s  a r e  p r e d i c t e d  c o r r e c t l y  o v e r  a l a r g e  f r e q u e n c y  r a n g e ,  
f rom  about   200 Hz t o  4000 Hz ( F i g .  2 4 b ) ;  however ,  i f  e a c h   o f   t h e  
t e n  blades a r e  c o n s i d e r e d  t o  r ad ia t e  i n d e p e n d e n t l y  o f  e a c h  o t h e r ,  
s o u n d   p o w e r   l e v e l s   s h o u l d  b e  1 0  dB h i g h e r   t h a n   m e a s u r e d .   E v i d e n t l y ,  
r a d i a t i o n  f r o m  t h e  t e n - b l a d e d  r o t o r  i s  r e d u c e d  b y  1 0  d B ,  p o s s i b l y  
d u e  t o  o p p o s i n g  f o r c e s  i n d u c e d  o n  t h e  n e i g h b o r i n g  b l a d e s .  
4 .  B = 1 0 ;  V = 0; U = 7 0  f t / s e c  
S u p e r i m p o s e d  f l o w  o n  t h e  1 0 - b l a d e d  r o t o r  r e s u l t s  i n  a " d e s i g n  
rpm" of  2400 w i t h  v e r y  l i t t l e  v a r i a t i o n  i n  DP l e v e l s  on t h e  b lade  
s u r f a c e   ( s e e   F i g .  2 1 ) .  Due t o   t h e   f a c t   t h a t   t h e  rotor o p e r a t e d  
n e a r  or a t  a "des ign  c o n d i t i o n " ,   p e a k s  a t  s h a f t  r o t a t i o n a l  f r e -  
q u e n c i e s   a r e  l ess  p r o n o u n c e d   ( F i g .   2 5 a )   t h a n  i n  t h e   p r e v i o u s l y  
d i s c u s s e d  c a s e ,  w h e r e  t h e  rotor was d r i v e n  b y  t h e  moto r  a t  some 
o f f - d e s i g n   c o n d i t i o n   ( F i g .  24a). The PWL s p e c t r u m   ( F i g .  2 5 b )  
shows a peak  a t  8000 Hz, c o r r e s p o n d i n g  t o  t w i c e  t h e  r o t a t i o n a l  
f r e q u e n c y   t i m e s   t h e   n u m b e r   o f   b l a d e s .   F u r t h e r m o r e ,   t h e   h i g h -  
f r e q u e n c y  p o r t i o n  o f  b o t h  t h e  DPL a n d  t h e  PWL s p e c t r u m  e x h i b i t s  
i n c r e a s e d  l e v e l s  f o r  t h i s  c o n d i t i o n  as compared t o  t h e  p r e v i o u s  
case   w i thou t   f l ow.   Sound   power   l eve l s  were a g a i n   p r e d i c t e d   o n  
t h e  basis  o f  t h e  f o r c e s  on one r o t o r  b l a d e ,  r a t h e r  than   on  1 0  
b l a d e s ,   a n d   t h e   a g r e e m e n t   e x t e n d s   t o   r a t h e r   h i g h   f r e q u e n c i e s .  
5. B = 1 0 ;  V = 9 ;  U = 7 0  f t / s e c  
The p r e s e n c e  of  a n   u p s t r e a m  9-bladed s t a t o r  r e s u l t e d  i n  t h e  
DPL s p e c t r u m   s h o w n   i n   F i g .  2 6 a  a n d  t h e  c o r r e s p o n d i n g  PWL s p e c t r a  
shown i n   F i g .  2 6 b .  S u p e r i m p o s e d   f l o w   c a u s e d   t h e   r o t o r   t o   s p i n  
a t  2100  rpm.  Peaks i n  t h e  DPL s p e c t r u m  a t  320  and  640 Hz 
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Ill - 
cor re spond  to  t he  loading harmonic frequencies  of  loading harmonic 
o r d e r  X e q u a l  t o  9 and 18. Sound r a d i a t i o n  d u e  t o  these loadings  
appears  a t  m u l t i p l e s  o f  t h e  blade passage frequency, 400 and 
800 Hz. Other  t han  t ha t ,  bo th  the  DPL and PWL s p e c t r a  are similar 
t o  t h e  previous ones where s t a t o r  blades were absent .  
Similar c o n s i d e r a t i o n s  f o r  sound  power l e v e l  p r e d i c t i o n  as 
o u t l i n e d  i n  ( 3 )  and ( 4 )  above  hold for t h i s  case.  A s u b s t a n t i a l  
d e v i a t i o n  a t  higher f r equenc ie s  o f  p r e d i c t e d  and measured sound 
power l e v e l s  i n d i c a t e s  the occurrence of a d r a s t i c  f o r c e  f i e l d  
coherence breakdown f o r  t h i s  p a r t i c u l a r  c o n f i g u r a t i o n .  
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FIG. lla. B A S I C  R O T O R  C O N F I G U R A T I O N  
FIG. l l b .  V I E W  I N T O  R O T O R  H U B  W I T H  T R A N S M I T T E R  
A N D   P O W E R   S U P P L I E S  
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FIG. 12. I N S T R U M E N T E D  B L A D E  
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F I G .  13.  D I F F E R E N T I A L  PRESSURE  S NSOR 
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IV. S U M M A R Y   A N D   C O N C L U S I O N S  
W i t h i n  t h e  p r e s e n t  s t . u d y  a n a l y t i c a l  m o d e l s  f o r  t h e  g e n e r a t i o n  
a n d  r a d i a t i o n  o f  d i s c r e t e  . f r e q u e n c y  s o u n d  by  r o t o r / s t a t o r  c o m b i -  
n a t i o n s   i n   v a r i o u s   e n v i r o n m e n t s  were d e v e l o p e d .  On t h e  basis o f  7 
some r a t h e r   s i m p l e   a n d   v e r y  familiar a r g u m e n t s  a b o u t  t h e  s i z e  o f  
d u c t s  r e l a t i v e  t o  a c o u s t i c  w a v e l e n g t h s  a n d  some e q u a l l y  f a m i l i a r  
i d e a s   a b o u t   s u b s o n i c   v e r s u s   s u p e r s o n i c   p h a s e   v e l o c i t i e s ,  i t  i s  
p o s s i b l e  t o  o b t a i n  a s i m p l e  b u t  a c c u r a t e  u n d e r s t a n d i n g  o f  t h e  
i m p o r t a n t   f e a t u r e s   o f   c o m p r e s s o r   n o i s e   t h e o r y .  For example :  
1. Us ing  t h e  idea  o f   a n   i n f i n i t e   l i n e  o f  f l u c t u a t i n g  l i f t  
a n d   d r a g   f o r c e s ,   o n e   c a n   d e v e l o p   v e r y   s i m p l e   a n d   a c c u -  
r a t e  e x p r e s s i o n s  f o r  t h e  t o t a l  a c o u s t i c  p o w e r  radiated 
by a r o t o r  i n  a f r ee  e n v i r o n m e n t .   T h e   r e s u l t s  agree 
w i t h  t h e  m o r e  e x a c t  c a l c u l a t i o n s  o f  Lowson ( r e f e r e n c e  2 ) .  
2 .  The e f f e c t   o f  a d u c t  may b e  a c c o u n t e d   f o r  by  c o n s i d e r -  
i n g  a " v e r y   c o n f i n e d "   a n n u l a r   e n v i r o n m e n t ,   w h i c h  i s  
modeled as t h e  r e g i o n   b e t w e e n   t w o   s e m i - i n f i n i t e  
p a r a l l e l  p l a t e s ,  or by c o n s i d e r i n g  a r o t o r  i n  a f r e e  
env i ronmen t  where t h e  s o u r c e s  are  c l o s e  t o  a s i n g l e  
wall .  The s i m p l e   t h e o r y   i n d i c a t e s   u n d e r   w h i c h   c o n d i -  
t i o n s  t h e  duc t   becomes   impor t an t   and  what m o d e l s   a r e  
a p p r o p r i a t e  f o r  more d e t a i l e d  c a l c u l a t i o n s .  
3. The r e s u l t s   o f   t h e   s i m p l e   t h e o r y   a g r e e  w i t h  t h e  more 
d e t a i l e d   c a l c u l a t i o n s   o f   L a n s i n g   ( r e f e r e n c e  3 )  when 
t h e  same q u a n t i t y ,   n a m e l y ,   " p o w e r   r a d i a t e d   f o r w a r d " ,  
i s  compared.  An i n t e r e s t i n g   q u e s t i o n   r a i s e d  b y  t h i s  
r e s u l t  i s  t h e  e f f e c t  o f  d o w n s t r e a m  c o n d i t i o n s  i n  a 
r e a l  c o m p r e s s o r  f o r  w h i c h  t h e  s e m i - i n f i n i t e  c i r c u l a r  
d u c t  i s  p r o b a b l y   n o t  a good  model.  It i s  a l s o   c l e a r  
t h a t  the   power  rad ia ted  downstream  must  b e  i n c l u d e d  
i n  some f a s h i o n .  
To v e r i f y  e x p e r i m e n t a l l y  t h e  a n a l y t i c a l  r e s u l t s ,  a s y s t e m  
t o  m e a s u r e  f l u c t u a t i n g  f o r c e s  o n  r o t a t i n g  a i r f o i l s  was d e v e l o p e d ,  
u s i n g  s p e c i a l  d i f f e r e n t i a l - p r e s s u r e  m i c r o p h o n e s  a n d  F M - t e l e m e t r y .  
R e l e v a n t   e x p e r i m e n t s   c o v e r i n g   b o t h  t h e  d i s c r e t e - f r e q u e n c y   a n d  
t h e  b r o a d b a n d  a s p e c t s  o f  s t a t o r / r o t o r  s o u n d  g e n e r a t i o n  were 
c o n d u c t e d   a n d   r e a s o n a b l e   a g r e e m e n t   o f   t h e o r y   a n d   e x p e r i m e n t  was 
a c h i e v e d .  
However,  no  experiments  on  the  force  field  coherence  charac- 
teristics  on a single  rotating  blade  or  on  a  multibladed  rotor 
disk  were  conducted.  Thus,  the  frequency at which  force  field 
coherence  breaks  down  and  at  which  sound  radiation  decreases  due 
to  cancellation  effects  could n o t  be  determined  directly.  How- 
ever,  the  experimental  results  clearly  indicate  the  occurrence 
of  such  an  effect,  and  it  is  suggested  that  detailed  studies of 
the  force  field  correlation  characteristics be performed  in  a 
future  study . 
APPENDIX A 
TRANSMISSION OF SOUND  INTO A THREE-DIMENSIONAL 
ENVIRONMENT  FROM A STATIONARY  POINT  SOURCE 
LOCATED I N  A TWO-DIMENSIONAL  ENVIRONMENT 
1. Sound Generation i n  a Two-Dimensional Environment* 
a. Plane wave expansions o f  the sources 
To o b t a i n  t h e  p l a n e  wave e x p a n s i o n s  o f  t h e  monopole   sources ,  
we w i l l  s o l v e  t h e  s o u n d  g e n e r a t i o n  p r o b l e m  u s i n g  F o u r i e r  t r a n s -  
f o r m s   i n  y f o r  a s i n g l e   s o u r c e .  We w i l l  t h e n   d i s c u s s  t h e  e f f e c t  
o f  t h e  f r e e - e n d  b o u n d a r y  c o n d i t i o n  on t h e  s o l u t i o n  b y  means  of 
images .  
We i n t r o d u c e  t h e  F o u r i e r  t r a n s f o r m  p a i r  i n  y ,  k . 
Y 
The e q u a t i o n  g o v e r n i n g  s o u n d  g e n e r a t i o n  i n  a two-dimensional   en-  
v i ronmen t  i s  
where @ i s  t h e  complex   ampl i tude  o f  t h e  v e l o c i t y  p o t e n t i a l  
= @  e - i w t  
* The s o u r c e  s t r e n g t h  f o r  t h e  m o n o p o l e  S2D a n d  f o r  t h e  d i p o l e  G2D 
u s e d   i n  t h i s  a n a l y s i s  are  p e r  u n i t   l e n g t h .  2 D  s t a n d s  for two- 
d i m e n s i o n a l .  
- 
The t r a n s f o r m e d  e q u a t i o n  i s  
- + ( k 2 - k 2 ) 0  = 0 . d 2 0  
dx Y 
( A - 3 )  
The s o l u t i o n  t o  Eq.  A-3 i s  
-i /k2-k2 i / k 2 - k i  
@(x,ky)  = A(k)e + B ( k ) e  ( A - 4 )  
The r a d i a t i o n  c o n d i t i o n  on  outgoing  waves w i l l  be s a t i s f i ed  by 
l e t t i n g  k = w/c + i s  s o  t h a t  @ * e  - @ * e  - i w t  - - i ( w + i c ) t  + 0 at t = 
T h i s  o p e r a t i o n  w i l l  p l a c e  t he  b r a n c h  p o i n t s  o f  dk2-k2 o f f  t h e  rea l  
a x i s ' i n  t h e  F o u r i e r  i n v e r s i o n  i n t e g r a l .  
Y 
Cons ide ra t ion  o f  ou tgo ing  waves  g ives  
i / k 2 - k 2  x 




9 ( k y , x )  = B ( k ) e  Y ¶ f o r  x < 0 . (A-5 1 
The v a r i o u s  f u n d a m e n t a l  s o u r c e s  are d e r i v e d  b y  a p p l y i n g  d i f f e r e n t  
"jump" c o n d i t i o n s  a t  x = 0 .  
For a monopoZe source 
73 
For a v e r t i c a i !  d ipoZe  source 
For a h o r i z o n t a i !  d ipoZe   source  
( P i u )  ~ ( 4 )  = ~ ( Y ) F ~ ~  
The o t h e r  q u a n t i t y  [(I o r   ( a ( I / a x ) ]  i s  c o n t i n u o u s   a c r o s s  x = 
The Monopo Ze S o u r c e  
For  the  monopole  source,   Eq.  A-6 becomes 
@+ = @- , A = B  
i J k 2 - k 2  ( 2 A )  = 1 , -i 1 A = -  
Y 2 
Y 
The  plane wave expans ion  o f  the  monopole  source  i s  
D i p 0  Ze Sources  
The d e r i v a t i v e  o f  Eq. A-8 w i t h  r e s p e c t  t o  x s h o u l d  g i v e  a 
f u n c t i o n  p r o p o r t i o n a l  t o  t h e  h o r i z o n t a l  d i p o l e ;  t h e  m u l t i p l i c a t i o n  
o f  Eq. A-8  by i k  ( e q u i v a l e n t  t o  a d i f f e r e n t i a t i o n  i n  y )  g i v e s  a Y 
f u n c t i o n  p r o p o r t i o n a l  t o  t h e  v e r t i c a l  d i n o l e .  T h i s  r e l a t i o n  i s  an  
added check on the form and constants  o f  p r o p o r t i o n a l i t y  i n  t h e  
jump c o n d i t i o n  f o r  t h e  v a r i o u s  s o u r c e s .  
7 4  
S o l v i n g  Eq. A-6 f o r  t h e  h o r i z o n t a l  d i p o l e  g i v e s  
(Piw)  [A(k)  + A ( k ) l  = 1 
A(k) = -B(k) 
A(k) = - -i 
2PW 
For t h e  v e r t i c a l  d i p o l e  
( piu) /k2-k2  (2A) = k 
Y Y 2D 
k F  
- 
Y 2 D  A =  
2Jk2-k2  ( p i w )  
Y 
A = B  
b .  Summary of r e s u l t s  
Monopo Ze 
- +i /k2-k2  x 
t i '2D * e  Y 
Q i ( X , k  ) = - - Y 2 , X <' 0 . (A-11) /k2-k2 
Y 
7 5  
V e r t i c a l  D ipo le  
Horizontal D i p o l e  
I 
It can  b e  s e e n  that  
@VD 
- k @  
Y M  
and t h a t  
i o  . 
(A-12) 
(A-14 ) 
c .  S o l u t i o n   f o r   t h e   t w o - d i m e n s i o n a l   e n v i r o n m e n t   w i t h   i m a g e s  
We now c o n s i d e r  t h e  a b o v e  s o u r c e s  l o c a t e d  a t  x = 0 i n  t h e  
s e m i - i n f i n i t e   t w o - d i m e n s i o n a l   e n v i r o n m e n t ,  The a p p r o p r i a t e  
b o u n d a r y   c o n d i t i o n  i s  t h e n  O = 0 a l o n g  t h e  y - a x i s .  T h i s  c o n d i t i o n  
i s  a s s u r e d  by c h o o s i n g   i m a g e   s i n g u l a r i t i e s ,   l o c a t e d  a t  x = - 2 ,  
which are  of  t h e  same s t r e n g t h  a n d  p r o p e r  s i g n .  
Imaging  t h e  s o u r c e s   o f  E q s .  A-11, A-12, and A-13, we have 
f o r  t h e  r e g i o n  -!2 < x < + R ,  t h e  f o l l o w i n g  e x p r e s s i o n s  for @, 
which s a t i s f y  @ s o  t h a t  a t  x = 0: 
For the monopole trource 
-iJkZ-k2 (X-%) iJk2 -ki ( X+%) 
i '2D e 
-., Y 
i '2D e 
'M - 7 - + 2  - (A-15) Jk2 -k'y Jk - k i  
For the v e r t i c a l  d i p o Z e  
(A-16) 
For the h o r i z o n t a l  d i p o l e  
'2D -iJkz-ki (X-2) i/k2-k2 ( x + 2 )  Y - 
+ ' e  @hD - 'm e 
Of particular interest is the plane wave expansion of a@/ax  - 
the horizontal particle velocity  along  the  y-axis - since this is 
the mechanism responsible for sound transmission into the free 
environment. 
The monopole  source 
+iJk2-k2 R 
* e  Y (A-18) 
The v e r t i c a l  d i p o l e  
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The h o r i z o n t a Z  d i p o Z e  
(A-20) 
2. Transmission o f  a Plane Wave in a Two-Dimensional 
Environment  into a Three-Dimensional  Environment 
We now consider the power radiated into the three-dimensional 
space at the slit by the particle velocities produced by the in- 
cidence and reflection of the waves in the confined environment. 
In the previous analyses, we obtained the velocity normal to the 
slit  in the form of  a Fourier transform in y. This method  is  very 
convenient for the calculation of the sound radiated into the 
free environment. Each wave component is considered separately. 
The governing equation in this space is the three-dimensional 
wave equation 
V Q  + C Q  = 0 . (A-21) 
Again,  using Fourier transforms in y, we obtain 
V;D@(k ,x,z) + (k2-k2)@(k , x , z )  = 0 . Y Y  Y (A-22) 
The dominant radiation from the slit  is due to the "source effect" 
of  the normal velocity at the slit. Thus, the waves in  the free 
space are cylindrical and  are functions of r and k only.  Equa- 
tion  A-22 becomes Y 
- l a  - [r ar (r,ky)] + (k2-k2)@(k ,r> = 0 , a@ Y ar Y Y 
where r = d x 2 + z z .  
The outgoing-wave solution to  Eq.  A-22 is 
(A-24) 
To determine A(k ), we examine the behavior of @(k ,r) for small 
r, equating its source-like behavior to the effective source at 
the slit from the normal velocity. 
Y  Y 
For small r, 
The source-like behavior i s  given by 
@(ky,r) =: A(k) i 71 log r 2 
(A-26) 
where 
The source strength due  to the reflected and  incident  waves is 
S(ky) = -u(k )h Y (A-27) 
for each wave component. The u(k ) for the various sources are 
given in Eqs. A-18, A - 1 9 ,  and A-20, 
Y 
@(k ,r) = + ri u(ky)h HL') ( / ' k 2 + k 2  r) . (A-28) i Y Y 
For the various sources, combining E q .  A - 2 6  with Eqs. A-18 
through A-20 gives the  following forms f o r  @(k ;r) in  free  space: 
Y 
Monopo Ze 
OM(r,k = i Y 7-T [ -eiJk2-k' '1 h S2#6 'I ( J k 2 - k 2  Y r) . (A-29) 
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Ver t i caZ  Dipo le  
Horizontal Dipole  
Now tha t  w e  h a v e  t he  F o u r i e r  t r a n s f o r m s  o f  u and p a l o n g  t h e  
s l i t ,  we can c a l c u l a t e  the  p o w e r  r a d i a t e d  i n t o  f r e e  s p a c e .  
m m 
T[(t) = h s i n w t  i p w  @eikyY d k /  
i k ' y  d k '  dy 
"m t 
m m 
+ h coswt Re/$ I-, @eiky dk 
I n  t h i s  problem, CP and U a re  b o t h  e v e n  or both  odd for t h e  v a r i -  
ous s i m p l e   s o u r c e s .  
8 0  
For (D and Urn even in k (but complex), 
Y 
m m 
X(t) = h sinwt 1-m I.{= i Pw 1-m 4 cosk y dk 
Y Y 
u cosk'y dk 
Y 
(A-33) 
I n t e g r a t i n g  w i t h  r e s p e c t  t o  y ,  we f i n d  
6 ( k  + k t )  + 7 6 ( k   - k ' )  
2 Y Y  Y Y  
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S i n c e  @ and U are e v e n   i n  k Eq.  A - 3 4  becomes Y' 
m 
n ( t )  = h s inwt  Im{= ipw @(k)}  I m { U ( k ) }  dk 
-00 
OD 
+ h coswt ( 2 ~ )  I Re{* 2Tr @(k)}  Re{U(k)dk)  . (A-35) 
-m 
The rms ave rage  JI i s  g i v e n  by one-half  of t h e  peak JI,,: 
As an example o f  a n  a p p l i c a t i o n  of the  above fo'rmula, w e  compute, 
using t h e  p l a n e  wave expans ions ,  t he  power p e r  u n i t  l e n g t h  radi-  
ated by a monopole   source   in  a two-dimenstonal  environment.  We 
w i l l  then  compare t h i s  t o  t h e  sound t r a n s m i t t e d  i n t o  f r e e  space  
a t  t h e  s l i t .  The p l a n e  wave e x p a n s i o n   f o r  t h e  p o t e n t i a l  due t o  a 
monopole  source a t  x = R i s  
and t h e  x-veloc 




- " -  
Jk2-k2  
Y 
i t y  due t o  t h i s  source i s  
- 
- ( k ) = - -  ae '2D e iJk2-k2 Y E 
ax Y 2 
(A-37) 
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Calculating  the  peak  power  from Eq. A-38, we  find 
This  is  one-half of the total  power  from  a  source  in  a  two- 
dimensional  environment.  (We  calculate  only  the  power  going 
upstream.) 
The  calculation of power  radiated  into  the  three-dimensional 
environment  is  similar  to  that  above.  The  differences  are 
1. the  particle  velocity u at  the  slit  is  doubled,  and 
2. the  value of 9 is a value  appropriate  for a "line" 
wave  radiating  into  a  free  environment. 
Consider  the  monopole 8ource :  
i 
i J k 2 - k i  R ~ 
-
u = -e '2D 
i i Jk2-k2  R O = V e  Y h52D 
k = w/c 
C o n s i d e r  t h e  v e r t i c a Z  d i p o l e :  
k i i k 2 - k 2  R 
-U(k ) = 6 F2D e Y Y 
k i d k 2 - k 2  R 
p i o Q ( k  = -f h F2D e Y Y 
k k 2 F 2  
'peak q 5 T z i - y  2D dk ] 
2 %I 
= 5 k 3 h 2  4pw2.rr 
- w 2  F:Dh "- 











Jk2-k2  iJk2-kG R 
=  G2D e 
P W  
Jk2-k2  i R2-ki R 
= -+ hi?2D e 
( A - 4 2 )  
A P P E N D I X  B 
SOUND POWER R A D I A T I O N   F R O M   L I N E   S O U R C E S  
I N  A F R E E - F I E L D   E N V I R O N M E N T  
In this appendix we consider the sound power radiation from 
line sources, specifically volume sources and thrust and drag 
forces. The configuration considered is  a sinusoidal line of 
singularities along the y-axis, with a phase shift between sources 
that produces a traveling wave (Fig. 27). 
1. Volume Sources  
We consider a line of volume sources along the y-axis of 
the form 
Q(y,t> = Q o  exp[6(k Y y-ut)] , ( B - 1 )  
where Q(y,t) is volume  outflow/unit length. 
The velocity potential, 4 ,  satisfies the wave equation with 
the boundary condition 
r + O  lim ( 2 n r  g) = Q0 exp[i(kyy-ut)] . 
The outgoing solution is 
where k = w/c. 








































FIG.27 M O D E L  O F  SOUND T R A N S M I ’ S S r O N   F R O M  
C O N F r N E D  I N T O   F R E E   S P A C E  
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The rad ia l  v e l o c i t y  ( i n  t h e  far  f i e l d )  i s  
Q o  v = - ”  ( k 2 - k i )  d r  e x p [ i ( k 2 - k 2 ) ” r ]  x e x p [ i ( k  y - u t ) ]  . 
.rr(k2-k2) r Y Y 
Y 
(B-5 )  
The rms a c o u s t i c  power r a d i a t e d / u n i t  l e n g t h  i s  g i v e n  by  
( p  and Vr a re  i n  p h a s e  i n  t h e  f a r  f i e l d ) .  T h i s  r e s u i t  c a n  eas i ly  
b e  u n d e r s t o o d  i n  terms of  t h e  Mach number of t h e  wave 
M c  = (m/kx)/c = k/kx . 
Note t h a t  t h e  power ra-liated i s  inde:Jendent  of k t h e  mode Y’ 
wavenumber,  once t h e  Mach number, M c ,  exceeds  1. [ A l t h o u g h   i n  t h e  
l i n e  model  any  value o f  k i s  a p p r o p r i a t e ,  i n  t h e  compressor  
model, ( k  R ) must be  an i n t e . g e r . 1  
Y 
.Y 0 
2. T h r u s t  and  Drag Fo-rces 
We now c o n s i d e r  a s i n u s o i d a l  l i r ,e  0.f t h r u s t  a n d  d r a g  f o r c e s  
o f  t h e  form 
f i  - ti exp[ i (k  y - -wt ) j i  - di expCi (k .y -wt ) j j  . 
Y Y t B-7 1 
The d i r e c t i o n  o f  f i  i s  chosen t o  b e  a p p r o p r i a t e  f o r  il and k 




a s i n u s o i d a l  s u p e r p o s i t i o n  of p o i n t  drag and t h r u - s t .  d i p o l e s  l o -  
c a t e d  a l o n g  t h e  y a x i s  
. 
where r,(q) = [ X ~ + ( ~ - ~ ) ~ + Z ~ ] ”  and r = ( x 2 + i 2 )  1h . 
The r e l a t i o n  
i s  u s e d  t o  r e - e x p r e s s  t h e  s e c o n d  i n t e g r a l ;  a f t e r  a n  i n t e p r a t i o n  
b y  p a r t s ,  w e  o b t a i n  
The i n t e g r a l  i s  p r o p o r t i o n a l   t o  t h e  H a n k e l  f u n c t i o n  H ,  ( 1 )  . 
The r e s u l t  i s  
T h e  a c o u s t i c  fa r - f ie ld  p r e s s u r e  i s  
lp(r,9)1 = ‘4 ( t i / k 2 - k 2   s i n g - k  1 Y (B-11) 
where s i n 9  = z/r. The r ad ia l  v e l o c i t y  is o b t a i n e d   f r o m  
I n  t h e  a c o u s t i c  f a r  f i e l d  
1 ( k 2 - k 2 )  vr(r,9) = P W  [ti(k2-k;)’ s i n e - k  Y =  d . ]  . ( B - 1 2 )  
The rms a c o u s t i c  p o w e r / u n i t  l e n g t h  i s  o b t a i n e d  by i n t e g r a t i o n :  
where l p l l v ]  = 16 [ t i ( k 2 - k 2 )  s ing-d .k  l 2  . 1 r p c k  Y = Y  
I n  t h e  i n t e g r a t i o n  f r o m  9 = 0 to  IT, t h e  c o n t r i b u t f o n   f r o m  t h e  
t idi  cross term c a n c e l s ;  t h e  e x p r e s s i o n  f o r  total power i s  
(B-14) 
For k = 0, TI = t ;k/ l6pc,   which i s  t h e  r e s u l t  for a two-dimensional  
a c o u s t i c  d i p o l e .  
Y 
One c a n  a l s o  i d e n t i f y  t he  power radiated "forward" and 
"rearward" by i n t e g r a t i n g  f r o m  0 = O , I T  and from IT t o   IT. This  
i n t e g r a t i o n  g i v e s  
r L  2 
1 
'forward - 16pck 12 - (k2-k i ) .  + k 2 d 2  Y i  
rearward 
T 7 4 di t i (k2-k2) '  Y k Y 1 
As i n  t h e  theo ry  of  p r o p e l l e r  n o i s e ,  t h e  r e l a t i o n s h i p  of  t he  
l i f t  and d r a g  f o r c e s  i s  such tha t  more  power i s  radiated down- 
stream. 
A P P E N D I X  C 
T R A N S M I S S I O N   I N T O  A T H R E E - D I M E N S I O N A L   E N V I R O N M E N T  
F R O M   L I N E  S O U R C E S  IN A T W O - D I M E N S I O N A L   E N V I R O N M E N T  
We now c o n s i d e r  t h e  sound radiated by a s i n u s o i d a l  d i s t r i -  
b u t i o n  o f  t h r u s t  a n d  d r a g  f o r c e s  c o n f i n e d  b e t w e e n  two c l o s e l y  
s p a c e d  p a r a l l e l  p l a t e s  .of i n f i n i t e  v e r t i c a l  e x t e n t  a n d  semi- 
i n f i n i t e  h o r i z o n t a l  e x t e n t ,  m o d e l i n g  t h e  a n n u l a r  d u c t  of a com- 
p r e s s o r  as shown i n   F i g .  6 .  We are  i n t e r e s t e d  i n  t h e  t o t a l  
a c o u s t i c   p o w e r ' / u n i t   l e n g t h  rad ia ted  i n t o  t h e  f r e e  space  beyond 
t h e  edge  of  t h e  c o n f i n e d   f l o w .   F i g u r e  27  shows t h e  c o n f i g u r a t i o n  
for t h e  m a t h e m a t i c a l  d e t a i l s .  A s i n g u l a r i t y   d i s t r i b u t i o n   o f  
f o r c e s  i s  l o c a t e d  a l o n g  t h e  y-axis  w i t h  t h e  form 
-+ i ( k  y - u t )  -+ i ( k  y - u t )  
f i  - ti  e Y i + d i e  Y j -  ((2-1) 
( C o m p l e x  e x p o n e n t i a l  n o t a t i o n  w i l l  b e  u s e d  f o r  c o n v e n i e n c e . )  
In   two-d imens iona l  f l ow,  t h e  a c o u s t i c  f i e l d  due t o  a p o i n t  f o r c e  
a t  t he  o r i g i n  i s  
For  small r, H, ( 1 )  i 2  ...- log r, s o  t ha t  IT 
ti  a p ( x , y , t )  - - - - 2~ ax ( l o g  r )  - - di  - a (log r )  . 2~ a y  (c-3)  
For a s i n u s o i d a l  d i s t r i b u t i o n  of  f o r c e s  a l o n g  the  a x i s ,  
where r ( n )  = [x2+(y-s) 2 3 1  1 and the s u b s t i t u t i o n  a /ay  [r(n)] = 
a / a n  [r(q)] has   been  made. The las t  term may be i n t e g r a t e d  by  
p a r t s  t o  g i v e  
S i n c e  1 / 2 ~  a /ax  ( log  r) i s  a g e n e r a l i z e d  f u n c t i o n  f o r  t h e  d e l t a  
f u n c t i o n ,  t h e  f i r s t  term i m p l i e s  that  one  boundary  condi t ion  to  
be  sa t i s f ied  on t h e  y-axis i s  
S o l v i n g  f o r  the c o n t r i b u t i o n  t o  t he  v e l o c i t y  p o t e n t i a l  r e s u l t s  
i n  
We take t h e  x d e r i v a t i v e  o f  Eq .  C-7 t o  o b t a i n  d e l t a  f u n c t i o n  
b e h a v i o r  i n  the  i n t e g r a l .  
S i n c e  a$/ax is t h e  h o r i z o n t a l  v e l o c i t y  u,  w e  o b t a i n  a second 
b o u n d a r y  c o n d i t i o n  f o r  the jump i n  h o r i z o n t a l  v e l o c i t y  a t  the 
y-axis:  
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Equa t ion  C-6 cou ld   have ,   o f   cou r se ,   been   d i r ec t ly   ob ta ined   f rom 
Eq. C-1, b u t  i t  i s  u s e f u l  t o  c a r r y  i t  a l o n g  i n  t h e  d e r i v a t i o n  o f  
C-8.  
We now s o l v e  the p r o b l e m   s k e t c h e d   i n  F ig .  2 7 :  a c o u s t i c  
r a d i a t i o n  by a l i n e  o f  s i n g u l a r i t i e s  i n  a s e m i - i n f i n i t e  c o n f i n e d  
r eg ion .   w i th  f r ee  space  beyond.  A t  t h e  edge o f   t h e  s l i t ,  t h e  
boundary   cond i t ion  i s  p = 0 ,  s o  t h a t  
P(-R,O) = 0 . (c-9)  
Equa t ion  C - 9  i s  t h e  f i r s t - o r d e r  a p p r o x i m a t i o n  f o r  a narrow s l i t  
(narrow  meaning h < <  A ) .  
The m a i n  f e a t u r e s  o f  t h e  p r o b l e m  a r e :  
1. P lane   ob l ique   acous t i c   waves  are  g e n e r a t e d  a t  the   y -ax i s .  
2 .  A s i g n i f i c a n t   p o r t i o n   o f   t h e   p o w e r   g e n e r a t e d  a t  t h e  
s i n g u l a r i t i e s  i s  r e f l e c t e d  a t  the   open ing   and  i s  t r a n s -  
m i t t e d  t o  X = 03 ( i m m e d i a t e l y  r a i s i n g  t h e  i s s u e  o f  t h e  
a p p l i c a b i l i t y  o f  s e m i - i n f i n i t e  m o d e l s  t o  c o m p r e s s o r s ) .  
3.  The boundary   cond i t ion ,  p = 0 ,  c a u s e s  a d o u b l i n g   o f   t h e  
h o r i z o n t a l  v e l o c i t y .  
4 .  The s l i t  t h e n   a c t s   l i k e  a l i n e   o f  vo lume  sources   as  
d e s c r i b e d  i n  A p p e n d i x  B.  The a c o u s t i c   p o w e r / u n i t   l e n g t h  
r a d i a t e d  i n t o  f r e e  s p a c e  i s  obta ined   f rom  Eq.  B-6. 
The s o l u t i o n s  t o  t h e  problem  a re   p lane   waves  t h a t  are o b l i q u e  
t o  t h e  y - a x i s  a n d  o f  t h e  form 
i ( k 2 - k 2 ) % x  - i ( k 2 - k i  x )  i ( k  y-u t )  
$ ( x , y , t >  = Y + B o  e l e  
for - 2  < x < 0 
i(k2-k2)’x i ( k  y -u t )  
$ (X,Y, t )  = c o  e Y e y  f o r  x > 0 . (c-10) 
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A , ,  Bo, and C ,  are de termined   f rom the  b o u n d a r y   c o n d i t i o n s  
C-6, C-7, and C-8:  
((2-11) 
T r a n s m i t t e d  Power 
The h o r i z o n t a l  v e l o c i t y  a t  t h e  s l i t  i s  
u = ” -  a +  - i (k2-kG)’ Y e Y - i R ( k 2 - k 2 ) ’  + i ( k  y - u t )  
ax pw 
((2-12) 
From  Appendix B ,  t h e  rms p o w e r / u n i t  l e n g t h  rad ia ted  by  t h i s  s i n u -  
s o i d a l  l i n e  o f  v o l u m e   s o u r c e s ,   c o m p l e t e l y   u n b a f f l e d  ( a s  i n  F i g .  6 ) ,  
i s  
t i ( k 2 - k i ) ’  - d . k  ] t 2  2 
1 Y  
k > k  
Y 
where ti and di are  t h e  f o r c e / u n i t  l e n g t h  a n d  tit  and  d i t  a r e  
c o n s e q u e n t l y  e q u i v a l e n t  t o  t h r e e - d i m e n s i o n a l  f o r c e s .  
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If t he  source  is baff led,  t he  power i s  
21I ' = *unbaff led* ' 
where A i s  the "open" angle,  i. e . ,  f o r  a p l ane  wall b a f f l e ,  
A = D. For t h e  annular   compressor   duct   of  Fig.  6 ,  A = 3 ~ / 2  might 
be a p p r o p r i a t e ,  a l t h o u g h  m o d e l i n g  a n  a c t u a l  c o m p r e s s o r  i n l e t  by  




CONSIDERATIONS  CONCERNING  THE  DEVELOPMENT 
OF A D I F F E R E N T I A L - P R E S S U R E   S E N S O R  
1 .  D e s i g n  R e q u i r e m e n t s  
A differential pressure sensor with a total thickness of 
0.10 in. poses some unique problems. The size requirement 
dictates that  most of the components and techniques fully uti- 
lize "state-of-the-art"  expertise. 
Following is a brief discussion of some design requirements 
and their solutions. 
a.  Case  strain 
Requirement: 
Transducer-body design capable of  being  mounted in compres- 
sor blade  without introducing case  strains. 
S o Z u t i o n :  
i) For rigidity all case materials were  selected  to be 
stainless steel. 
ii) A center support arrangement a s  shown in Fig. 28 was 
chosen to guarantee that  the  mounting technique would 
not introduce any  unnecessary  case strains at the g 
loads anticipated. The lock ring clamps the sensor 
uniformly in place  and  allows both diaphragm areas 
to be free from any  hard mounting to the compressor 
blade. A soft  RTV  compound fills the remaining voids 
and  preserves the integrity of the blade.surface. 
b. S e n s i t i v i t y  
Requirement: 
Sensitivity of each  sensing  element  uniform within - +1 dB. 
So Zution: 
i) Careful quality control and precise workmanship were 
necessary  to maintain the  sensitivity  within the al- 
lowable tolerances. 
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A l l  piezoelectric elements were  cut on  an ultra- 
sonic grinder to diameter tolerances of 0.0002-in. 
diameter at BBN to insure their roundness. The 
element size is 0.050-in. diameter by 0,010 in. 
thick. 
Silver brazing of the 0.001-in. stainless steel dia- 
phragms with a maximum fillet of 0.001-in. diameter 
was accomplished with techniques commonly employed 
at BBN. This tight control of the brace was neces- 
sary to insure a uniform active area of the dia- 
phragm. 
All components were ultrasonically cleaned after 
manufacture and again before assembly. 
c .  Low output impedance 
R e q u i r e m e n t :  
Spurious signals generated from lead vibration. 
S o Z u t i o n :  
ij Piezoelectric elements typically exhibit impedances 
of ohms, leaving the sensor prone to random 
signals generated by lead  motion. This fact made 
an internal impedance lowering circuit mandatory. 
ii) An F.E.T. hybrid circuit, with an output impedance 
of less  than 1500 ohms, developed at BBN, was in- 
corporated into the transducer body. 
d .  Centrifugal  loads 
Requi rement :  
DC signal imparted by centrifugal loading. 
S o Z u t i o n :  
i) A bias resistor of 5 x 10' ohms was selected  to 
give a lower roll-off frequency of 50 Hz to elimi- 
nate any DC or near DC (0-10 Hz) signals caused by 
centrifugal loading o r  large temperature gradients. 
e .   V i b r a t i o n   s e n s i t i v i t y  
Requirement: 
Drastic lowering of vibration sensitivity. 
SoZution:  
il The fact that the two sensing elements must be of 
opposite polarity to produce a differential pres- 
sure pulse caused the vibration output to be in 
phase and thus led to a doubling of the vibration 
sensitivity. The vibration outpgt of one of  the 
sensing elements was shifted 180 to produce  a re- 
duction in vibration sensitivity of about 20 dB 
between 50 and 20,000 Hz below the original state. 
The phase shift of  the vibration signal had to be 
accomplished without any phase  shift  of the p r e s -  
sure signal. Rearranging the spring mass ratios 
of one of the sensing elements  provided the neces- 
sary  results. 
ii) The reasonably high-frequency data ( 2 0  kHz) re- 
quired from this sensor eliminated the single 
diaphragm type of differential sensor. Porting 
arrangements for a  single  element sensor would 
not be adequate for the frequency requirements 
and  would also interrupt the smooth surface  of 
the compressor blade. 
Figure 13 shows a  schematic of the differential-pressure 
sensor  and  a photograph of some of the components. 
2 .  Spec i f i ca t ions  
Sensitivity -115 +1 I dB V/pbar 
Vibration Sensitivity =lo0 dB SPL/g between 
50 and 20,000 Hz 
Noise Floor -100 dB V 
Frequency Response 50 to 20,000 Hz 
Temperature Sensitivity - +1 dB  for -50 to 160°F 




a 5 0 0  R 
9 9  
BLADE  SECTION 
SENSOR 
RTV LOCK RING 
FIG. 28. M O U N T I N G  O F  D I F F E R E N T I A L - P R E S S U R E  S E N S O R  I N  B L A D E  
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Power  Requirement 
FU? Frequency 
A P P E N D I X  E 
FM - Transmitter  Specifications 
Input  Sensitivity 
Noise  Floor  (shunted  input) 
Dynamic  Range 
Signal  Frequency  Range 
Temperature  Compensation 
Battery  Voltage 
Weight of Transmitter 
Range of Transmission 
<7 mA 
within 88 to 104 mHz 
(selected for best 
reception) 
up  to 125 mVolts 
<1 pvolt re input 
47 dB 
2 0  - 10,000 HZ 
50°F t o  100°F 




A P P E N D I X  F 
C O N S I D E R A T I O N S   C O N C E R N I N G   T H E  
C A L I B R A T I O N   O F   D I F F E R E N T I A L   P R E S S U R E   S E N S O R S  
Differential sensors are used to obtain measures of the 
differential dynamic pressure on two opposite sides of a com- 
pressor blade. The use of differential sensors requires some 
special considerations. 
The differential-sensor transfer function can be described 
in the following way: 
where e, is the output voltage of the differential sensor, s 1  
the pressure sensitivity of one side, and s 2  is the sensitivity 
of the other side. p1 and p p  are the dynamic pressures on 
sides 1 and 2 .  
If the sensor were ideal, s 1  would equal s 2  and e, = (p1-p2). 
However, in the small volume allowed in the size of the compressor 
blade, it is difficult enough to make a single measurement, much 
less a differential measurement. As a result s 1  differs some- 
what from s p  in the realization of the actual sensors, as will 
be shown below. 
We examine the influence of a nonideal sensor where s 1  # s . 
Let the sensitivity be expressed as s t a, where a = ( s 1 - s 2 )  an8 
s = (sl+s2)/2. Equation F-1 is now rewritten as: 
Here, the term a(pl+ p2) is a correction to be  applied  to  the 
data because of' the mismatch in sensitivities. 
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To i l l u s t r a t e  t h e  e f f e c t  we c o n s i d e r  a h y p o t h e t i c a l  
= 2.10  uv/ubar  and s 2  = 1 .90  uv/pbar .  We c a l c u l a t e  s 
s e n s o r  w i t h  a 10% d i f f e r e n c e   b e t w e e n  s 1  and s 2 .  Assume 
and a as :  s 1  
s1+ s 2  
s =  2 = 2 . 0 0  v /pbar  , 
By a p p l y i n g  e ,  = s ( p  -p2) ,  t h e  o u t p u t  s i g n a l  o f  o u r  hypo- 
t h e t i c a l  s e n s o r  woulA I n d i c a t e  a d i f f e r e n t i a l  p r e s s u r e  o f  
250 p b a r s  r a t h e r  t h a n  t h e  a c t u a l  2 0 0  p b a r s .  S i n c e  s 1  i s  
l a r g e r  t h a n  s ( 'la'' i s  p o s i t i v e )  we read a h i g h e r  d i f f e r -  
e n t i a l   p r e s s u r e .  A c o r r e c t i o n   f a c t o r  K can be d e r i v e d  as 
f o l l o w s :  
K = ( r e a l  d i f f .  p r e s s . )  - ( i n d i c a t e d  d i f f .  p r e s s . )  
We a p p l y  t h i s  c o r r e c t i o n  t o  t h e  above  example  and  obtain 
K = -0 .05(1000)  = - 5 0 p b a r s .  To u s e  t h i s  c o r r e c t i o n  we need 
t o  know "a'' and p + p 2 .  
The hypothe t ica l   measurement   above  i s  a l s o  shown i n  
F i g .  2 9 .  The Ap w i t h o u t   c o r r e c t i o n  i s  2 5 0  p b a r s .  If t h e  h igh-  
p r e s s u r e  s ide  were r e v e r s e d ,  t h e  e r r o r  w o u l d  b e  low ra ther  
t h a n  h i g h ,  g i v i n g  a n  e r r o r  b a n d  as i n d i c a t e d  i n  F i g .  2 9 .  
As p 1  a n d  p 2  g e t  l a r g e r ,  t h e  e r r o r  g r o w s .  
An estimate of   p1 + p 2  i s  i m p o r t a n t  f o r  t he  measure- 
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FIG.29  DIFFERENTIAL-PRESSURE MEASUREMENT WITH  NON-IDEAL  .HYPOTHETICAL S E N S O R .  
sl= 2 . 1 0  m i c r o v o l t / m i c r o b a r  
s 2 =  1 . 9 0  m i c r o v o l t / m i c r o b a r  
s = 2 . 0 0 ;  a = 0 .10  
A u s e f u l  c o n c e p t  f o r  d i f f e r e n t i a l  m e a s u r e m e n t s  i s  common- 
mode r e j e c t i o n  (CMR). Common-mode s i g n a l s  are t h o s e  t h a t  are  
a p p l i e d   e q u a l l y   t o   b o t h   d i a p h r a g m s .  An i d e a l l y  b a l a n c e d   s e n s o r  
would y i e l d   a n   o u t p u t  o f  ze ro .  A n o n i d e a l   s e n s o r   g i v e s   a n   o u t -  
p u t  t ha t  depends  upon t h e  d e g r e e   o f   b a l a n c e .  The h igher  t h e  
CMR, the  more a c c u r a t e l y  small d i f f e r e n c e s  c a n  b e  m e a s u r e d  i n  
t h e  p r e s e n c e  o f  l a r g e  p r e s s u r e s .  
If w e  a p p l y  e q u a l  p r e s s u r e s  o f  500 p b a r s  t o  o u r  h y p o t h e t i c a l  
u n i t ,  w e  o b t a i n  t h e  f o l l o w i n g :  
e,, = 1050 - 9 5 0  = 1 0 0  u v o l t s  , 
o r  a n   i n d i c a t e d   p r e s s u r e   d i f f e r e n c e   o f  50 pbars.  The CMR o f  t h e  
s e n s o r  i s  then 5 0 0 / 5 0 ,  or  20 dB.  T h i s  i n d i c a t e s  a lower limit 
t o  t h e  d i f f e r e n t i a l  p r e s s u r e  t ha t  can be  measured  and  which i s  
i n d i c a t e d  i n  F i g .  2 9  as t h e  common-mode l i m i t  f o r  the  h y p o t h e t i c a l  
s e n s o r .  
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